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WAVELETS, MULTIPLIER SPACES AND APPLICATION TO SCHR ¨ODINGER
TYPE OPERATORS WITH NON-SMOOTH POTENTIALS
PENGTAO LI, QIXIANG YANG, AND YUEPING ZHU
Abstract. In this paper, we employ Meyer wavelets to characterize multiplier spaces be-
tween Sobolev spaces without using capacity. Further, we introduce logarithmic Morrey
spaces Mt,τr,p(Rn) to establish the inclusion relation between Morrey spaces and multiplier
spaces. By wavelet characterization and fractal skills, we construct a counterexample to
show that the scope of the index τ of Mt,τr,p(Rn) is sharp. As an application, we consider a
Schro¨dinger type operator with potentials in Mt,τr,p(Rn).
1. Introduction
A function g is called a multiplier from Ht+r,p(Rn) to Ht,p(Rn) if for every function f ∈
Ht+r,p(Rn), the product f g ∈ Ht,p(Rn). We denote by Xtr,p(Rn) the class of all such functions
g. As useful tools, multipliers on the spaces of differential functions are applied to the study
of various problems in harmonic analysis and differential equations. For example, the
coefficients of a differential operator can be seen as multipliers. For a function u belonging
to some Banach space, M. Cannone reminded us that the non linear term u2 can be regarded
as the product of a function u in this Banach space and a multiplier u. M. Cannone made
many contributions on nonlinear problems. See [1, 2, 3, 8]. For more information on
both multiplier spaces and PDE, we refer the readers to V. Maz’ya and T. Shaposhnikova’s
celebrated monograph [10] and their recent work.
In [10], V. Maz’ya and T. Shaposhnikova gave many characterizations of different kinds
of multiplier spaces. For example, they obtained that for t ≥ 0, r > 0, 1 < p < n/(r + t),
the multiplier spaces Xtr,p(Rn) can be characterized by capacity on arbitrary compact sets.
The multiplier spaces Xtr,p(Rn) are defined as follows.
Definition 1.1. ([10]) Fix 1 < p < ∞ and r, t ≥ 0. The multiplier space Xtr,p(Rn) is defined
as the set of all the functions f (x) such that
‖ f ‖X tr,p(Rn) := sup‖g‖Ht+r,p (Rn)≤1
‖ f g‖Ht,p(Rn) < ∞.
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For a compact set e ⊂ Rn, the capacity cap(e, Ht,p) on e is defined by
cap(e, Ht,p) = inf
{
‖u‖pHt,p(Rn) : u ∈ S, u ≥ 1 on e
}
,
where S is the Schwartz class of rapidly decreasing smooth functions on Rn.
Lemma 1.2. ([10]) Given r > 0 and t ≥ 0.
(i) For 1 < p < n/(r + t), f ∈ Xtr,p(Rn) if and only if
sup
e⊂Rn
( ‖(−∆)t/2 f ‖Lp(e)
(cap(e, Ht+r,p))1/p +
‖ f ‖Lp (e)
(cap(e, Hr,p))1/p
)
< ∞.
(ii) For 1 < p < n/r and any cube Q with length less than 1, the capacity cap(Q, Hr,p)
is less than C|Q|1−pr/n.
Our motivation is based upon the following consideration. For complicated compact
sets, it is very difficult to compute the capacity. The main aim of this paper is to give some
wavelet characterizations and introduce some sufficient conditions which can be verified
easily. Precisely, for r > 0, t ≥ 0 and t + r < 1 < p < n/(r + t), we will give a character-
ization of the multipliers from Ht+r,p(Rn) and Hr,p(Rn) by Meyer wavelets without using
capacity. See Theorems 3.3. Also our method can be applied to study the relation between
multiplier spaces and Morrey spaces. To deal with the case t > 0, we have to introduce the
almost local operator T t. See §2.
Lemma 1.2 implies that the multiplier space Xtr,p(Rn) is a subspace of Morrey space
Mtr,p(Rn). It is natural to ask if the reverse inclusion relation holds. Unfortunately, for
t = 0, the imbedding Xtr,p(Rn) ⊂ Mtr,p(Rn) is not an isomorphism. In [8], P. G. Lemarie´ gave
a counterexample to show that when n − 2r is an integer, X0
r,2(Rn) , M0r,2(Rn). Recently,
P. G. Lemarie´ [9] and Yang-Zhu [23] constructed some counterexamples for t = 0 and
1 < p < n/r.
For t > 0, we have to consider the action of the differentiation, so we can not construct
counterexample like the case t = 0 in [23]. Our counterexample in Theorem 5.4 depends
on our wavelet characterization, Theorem 5.3 and fractal skills. From this counterexample,
we can see that the product of f ∈ Mtr,p(Rn) and g ∈ Ht+r,p(Rn) may produce a blow up
phenomenon of logarithmic type on fractal sets with Hausdorff dimension n − p(r + t). To
eliminate this defect, we introduce a logarithmic type Morrey space Mt,τr,p(Rn) and prove
that for τ > 1/p′,
Mt,τr,p(Rn) ⊂ Xtr,p(Rn) ⊂ Mtr,p(Rn) = Mt,0r,p(Rn),
where r > 0, t ≥ 0 and 1 < p < n/(r + t). See §4.
It should be pointed out that, in the above inclusion relation, the scope of τ is (1/p′, ∞),
where p′ is the conjugate number of p. In §5, our counterexample implies that, for
0 < τ ≤ 1/p′ , there exists some function f ∈ Mt,τr,p(Rn), but f < Xtr,p(Rn). See §5 for
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the details. Theorems 5.3 and 5.4 illustrate the difference between Morrey spaces and
multiplier spaces.
Another motivation is that the results about multipliers on Sobolev spaces can be ap-
plied to the study on partial differential equations. For example, in [11], V. Maz’ya and
I. E. Verbitsky considered the multipliers from H1,2(Rn) to H−1,2(Rn). For a Schro¨dinger
operator L = I − ∆ + V , they got many sufficient and necessary conditions such that V
is a multiplier from H1,2(Rn) to H−1,2(Rn). For more information, we refer the readers to
[8, 10, 11, 12] and the references therein.
As an application of our results, we consider the solution in Sobolev spaces Ht+r,p(Rn)
to the equation:
(I + (−∆)r/2 + V) f = g,(1.1)
where g ∈ Ht,p(Rn) and V ∈ Mt,τr,p(Rn) with r > 0, t ≥ 0, 1 < p < n/(r + t), τ > 1/p′. If V is
a function of Ho¨lder class, one usual method to deal with equation (1.1) is the boundedness
of Caldero´n-Zygmund operators. As a function in the logarithmic Morrey spaces Mt,τr,p(Rn),
V may be not a L∞ function. In §6, by Theorem 4.8, we prove that for V(x) ∈ Mt,τr,p(Rn),
the above equation (1.1) has an unique solution in the Sobolev space Ht+r,p(Rn).
In this paper, we use four tools in analysis. One is the multi-resolution analysis intro-
duced by Y. Meyer and S. Mallat in 1990s. The other is the almost local operator T t. See
§2. By the projection operators generated from multi-resolution analysis, S. Dobynski (cf.
[4] ) obtained a decomposition of the product of two functions. In order to adapt to our
needs, we make some modification to Dobynski’s decomposition. The third main skills are
to use combination atoms and to introduce some differential methods. The forth main skill
is to choose special functions such that their wavelet coefficients restricted on some fractal
sets. See §4 and §5.
Our paper is organized as follows. In §2, we state some notations and known results
which will be used throughout this paper. In §3, we give a wavelet characterization of
the multiplier spaces Xtr,p(Rn). In §4, we introduce a class of logarithmic Morrey spaces
Mt,τr,p(Rn) and get a very simple sufficient condition of Xtr,p(Rn). In §5, for Mt,τr,p(Rn), we
construct a counterexample to prove the sharpness of the scope of the index τ obtained in
§4. In the last section, we consider an application to PDE problem.
2. Some preliminaries
In this section, we state some notations, knowledge and preliminary lemmas which will
be used in the sequel. Firstly, we recall some background knowledge of wavelets and
multi-resolution analysis.
We will adopt real-valued tensor product wavelets to study the multiplier spaces in this
paper. Let En = {0, 1}n\{0}. For ε = 0 (respectively, ε ∈ En), we assume that Φε(x) is
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a scaling function (respectively, wavelet). In the proof, we use only Meyer wavelets and
regular Daubechies wavelets. We say a Daubechies wavelet is regular if it has sufficient
vanishing moment until order m andΦε(x) ∈ Cm0 ([−2M, 2M]), where the regularity exponent
m is large enough and M is determined by m, see [13, 18] for more details. For any
ε ∈ {0, 1}n, j ∈ N and k ∈ Zn, we denote Φεj,k(x) = 2 jn/2Φε(2 jx − k). In addition we define
Λn =
{
(ε, j, k) : ε ∈ {0, 1}n, j ∈ N, k ∈ Zn and ε , 0, if j > 0
}
.
For fixed tempered distribution f , if we use wavelets which is sufficient regular, then we
can define f εj,k =
〈
f ,Φεj,k
〉
. And the wavelet representation f = ∑
(ε, j,k)∈Λn
f εj,kΦεj,k holds in the
sense of distribution.
Let
{
V1j , j ∈ Z
}
be an orthogonal multi-resolution in L2(R) with the scaling function
Φ0(x). Denote by W1j the orthogonal complement space of V1j in V1j+1, that is, W1j = V1j+1 ⊖
V1j . Let
{
Φ1(x − k), k ∈ Z
}
be an orthogonal basis in W10 . For ε = (ε1, · · · , εn) ∈ {0, 1}n,
denote Φε(x) =
n∏
i=1
Φεi (xi). For V j =
{
f (x) = ∑
k∈Zn
f 0j,kΦ0j,k(x), where { f 0j,k}k∈Zn ∈ l2
}
and
W j =
{
f (x) = ∑
ε∈En ,k∈Zn
f εj,kΦεj,k(x), where { f εj,k}ε∈En ,k∈Zn ∈ l2
}
, we have
Lemma 2.1. {V j, j ∈ Z} is an orthogonal multi-resolution with the scaling functionΦ0(x).
W j is the orthogonal complement space of V j in V j+1, that is, W j = V j+1 ⊖ V j. Further{
Φεj,k, (ε, j, k) ∈ Λn
}
is an orthogonal basis in V0
⊕
j≥0
W j = L2(Rn).
Denote by P j and Q j the projection operators from L2(Rn) to V j and W j, respectively.
By Lemma 2.1, S. Dobynski got a decomposition of the product of two functions f and g,
which is similar to Bony’s paraproduct (see [4]). Denote
˜Λn =
{
(ε, ε′, j, k, k′), ε, ε′ ∈ {0, 1}n\{0}, j ≥ 0, k, k′ ∈ Zn, (ε, k) , (ε′, k′)
}
.
By the projection operators P j and Q j, we divide the product of f (x) and g(x) into the
following terms.
f (x)g(x) = P0( f )P0(g) +
∑
j≥0
P j( f )Q j(g) +
∑
j≥0
Q j( f )P j(g)
+
∑
˜Λn
f εj,kgε
′
j,k′Φ
ε
j,k(x)Φε
′
j,k′(x) +
∑
Λn,ε,0
f εj,kgεj,k
(
Φεj,k(x)
)2
.
To facilitate our use, we make a modification to the above decomposition and use spe-
cial wavelets for different cases. Let N be a positive integer. We decompose the product
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f (x)g(x) as
f g =
∞∑
j=1
[
P j+1( f )P j+1(g) − P j( f )P j(g)
]
+ P0( f )P0(g)
=
∞∑
j=N
[
Q j( f )Q j(g) + P j( f )Q j(g) + Q j( f )P j(g)
]
+ PN( f )PN(g)
(2.1)
and the term
∞∑
j=N
Q j( f )P j(g) can be decomposed as
∞∑
j=N
Q j( f )P j(g) =
∞∑
j=N
Q j( f )
N∑
t=1
Q j−t(g) +
∞∑
j=N
Q j( f )P j−N(g)
=
∞∑
j=0
N∑
t=1
Q j+t( f )Q j(g) +
∞∑
j=0
Q j+N( f )P j(g).
(2.2)
For any j ∈ N and k = (k1, k2, . . . , kn) ∈ Zn, let Q j, k =
n∏
s=1
[2− jks, 2− j(ks + 1)] and
denote by Ω the set of all dyadic cubes Q j, k. For arbitrary set Q, we denote by ˜Q the
2M+2−multiple of Q. Finally, let χ(x) be the characteristic function of the unit cube Q0 and
χ˜ be the characteristic function of ˜Q0.
In 1970s, H. Triebel introduced Triebel-Lizorkin spaces Fr,qp (Rn) ([17]). Many function
spaces can be seen as the special cases for Fr,qp (Rn). For example, Fr,21 (Rn) is the fractional
Hardy space. For 1 < p < ∞, Fr,2p (Rn) are the Sobolev spaces Hr,p(Rn). For p = ∞,
F−r,2∞ (Rn) is the fractional BMO space BMOr(Rn) which is defined by BMOr(Rn) := (I −
∆)−r/2BMO(Rn), where I is the unit operator, ∆ is the Laplace operator. Here BMO(Rn)
denotes the non-homogeneous bounded mean oscillation space which is defined as the set
of the functions such that
sup
|Q|=1
| fQ | = sup
Q
1
|Q|
∣∣∣∣∣∣
∫
Q
f (x)dx
∣∣∣∣∣∣ ≤ C
and
sup
|Q|≤1
1
|Q|
∫
Q
| f (x) − fQ |2dx < ∞.
For 1 ≤ p < ∞ and r ∈ R, it is well known that
(
Fr,2p (Rn)
)′
= F−r,2p′ (Rn). The following
lemma gives a characterization of Fr,2p (Rn) by Meyer wavelets and regular Daubechies
wavelets. For the proof, we refer the readers to [20, 24].
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Lemma 2.2. (i) For 1 ≤ p < ∞ and |r| < m, using Meyer wavelets or m-regular
Daubechies wavelets, we have the following equivalent characterizations,
g(x) =
∑
(ε, j,k)∈Λn
gεj,kΦ
ε
j,k(x) ∈ Fr,2p (Rn)
⇐⇒
∥∥∥∥∥∥∥∥

∑
(ε, j,k)∈Λn
22 j(r+n/2)|gεj,k|2χ(2 j − k)

1/2∥∥∥∥∥∥∥∥
Lp
< ∞
⇐⇒
∥∥∥∥∥∥∥∥

∑
(ε, j,k)∈Λn
22 j(r+n/2)|gεj,k|2χ˜(2 j − k)

1/2∥∥∥∥∥∥∥∥
Lp
< ∞.
(ii) Given |r| < m. g(x) = ∑
(ε, j,k)∈Λn
gεj,kΦ
ε
j,k(x) ∈ Fr,2∞ (Rn) if and only if there exists 1 < p < ∞
such that for any Q ∈ Ω,∥∥∥∥∥∥∥∥

∑
ε∈En ,Q j,k⊂Q
22 j(r+n/2)|gεj,k|2χ(2 j − k)

1/2∥∥∥∥∥∥∥∥
Lp
≤ C|Q|1/p.
The wavelet characterizations of function spaces have been studied by many authors. In
Chapters 5 and 6 of [13], Y. Meyer established wavelet characterizations for many function
spaces. In [22], Q. Yang, Z. Cheng and L. Peng considered wavelet characterization of
Lorentz type Triebel-Lizorkin spaces and Lorentz type Besov spaces. In [20], Q. Yang
introduced the wavelet definition of Besov type Morrey spaces. W. Yuan, W. Sickel and
D. Yang considered the atomic decomposition for Besov type Morrey spaces and Triebel-
Lizorkin type Morrey spaces in [24].
Morrey spaces Mtr,p(Rn) were introduced by Morrey in 1938 and play an important role
in the research of partial differential equations. In 2003, Wu and Xie [19] proved that
generalized Morrey spaces are also generalization of Q-type spaces. In recent 20 years,
Q-type spaces are studied extensively (cf [6, 15, 20, 24]).
Let ft,Q be the mean value of (I − ∆)t/2 f on a cube Q,
ft,Q = 1|Q|
∫
Q
(I − ∆)t/2 f (x)dx.
The Morrey spaces Mtr,p(Rn) are defined as follows.
Definition 2.3. For 1 ≤ p < ∞ and r, t ≥ 0, the Morrey space Mtr,p(Rn) is defined as the
set of the functions f such that sup
|Q|=1
| ft,Q| ≤ C and
∫
Q
∣∣∣(I − ∆)t/2 f (x) − ft,Q∣∣∣p dx ≤ C|Q|1−p(r+t)/n,
where Q is any cube in Rn with |Q| ≤ 1.
In [15, 24], the authors proved that Morrey spaces Mtr,p(Rn) can be also characterized
by wavelets. We state it as the following theorem and refer to [24] for the proof.
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Theorem 2.4. Given t ∈ R, 1 < p < ∞ and 0 ≤ p(r + t) < n.
f (x) =
∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x) ∈ Mtr,p(Rn)
if and only if for any Q ∈ Ω with |Q| ≤ 1,
∫
Q

∑
ε∈En ,Q j,k⊂Q
2 j(n+2t)| f εj,k|2χ(2 jx − k)

p/2
dx ≤ C|Q|1−p(r+t)/n.
By Lemmas 1.2 and 2.2, the multiplier spaces Xtr,p(Rn) are also subspaces of Morrrey
spaces Mtr,p(Rn).
Lemma 2.5. Given r > 0, t ≥ 0 and 1 < p < n/(r + t). If f ∈ Xtr,p(Rn), then f (x) ∈
Mtr,p(Rn).
Now we give two lemmas about the fractional BMO spaces BMOr(Rn). In the first
lemma, we prove that Morrey spaces Mtr,p(Rn) are subspaces of BMOr(Rn).
Lemma 2.6. For r > 0, t ≥ 0 and 1 < p < n/(r + t), Mtr,p(Rn) ⊂ BMOr(Rn).
Proof. For any dyadic cube Q, we have
∫ 
∑
ε∈En ,Q j,k⊂Q
2 jn−2 jr | f εj,k|2χ(2 jx − k)

p/2
dx
≤ |Q|p(r+t)/n
∫ 
∑
ε∈En ,Q j,k⊂Q
2 j(n+2t)| f εj,k|2χ(2 jx − k)

p/2
dx
≤ C|Q|p(r+t)/n|Q|1−p(r+t)/n
≤ C|Q|.

Lemma 2.7. Suppose r > 0 and f = ∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x) ∈ BMOr(Rn). The wavelet
coefficients of f satisfy
| f εj, k | ≤ C2(r−n/2) j, ∀ε ∈ {0, 1}n, j ∈ N, k ∈ Zn.
Proof. Take j ∈ N and k ∈ Zn. We consider two cases ε ∈ En and ε = 0 separately.
(i) For any ε ∈ En, by the definition of BMOr(Rn), we get∫ (
2 jn−2 jr | f εj,k|2χ(2 jx − k)
)p/2
dx ≤ C2− jn.
It is easy to see that | f εj,k| ≤ C2 j(r−n/2).
(ii) For ε = 0,
f 0j,k =
〈 ∑
(ε′ , j′,k′)∈Λn
f ε′j′ ,k′Φε
′
j′,k′ ,Φ
0
j,k
〉
=
〈∑
j′< j
f ε′j′ ,k′Φε
′
j′ ,k′ ,Φ
0
j,k
〉
.
8 PENGTAO LI, QIXIANG YANG, AND YUEPING ZHU
Because
∣∣∣∣∣∣
∑
j′< j
f ε′j′ ,k′Φε
′
j′,k′(x)
∣∣∣∣∣∣ ≤ C2r j, we have | f 0j,k| ≤ C
〈
2r j, |Φ0j,k(x)|
〉
≤ C2 j(r−n/2). 
LetΨ1 andΨ2 be two functions in Cµ0([−2M+1, 2M+1]n) with vanishing moments
∫
xαΨi(x)dx =
0, where |α| ≤ µ and i = 1, 2. Denote
a j,k, j′,k′ =
〈
Ψ1j,k, Ψ
2
j′ ,k′
〉
.
The following lemma can be found in Chapter 8 of [13] or Chapter 6 of [20].
Lemma 2.8. Given |µ| ≤ m. For |s| < µ, the coefficients a j,k, j′,k′ satisfy the following
condition:
(2.3) |a j,k, j′,k′ | ≤ C2−| j− j′|(n/2+s)
(
2− j + 2− j′
2− j + 2− j′ + |k2− j − k′2− j′ |
)n+s
.
By wavelet characterization of Hr,p(Rn), the continuity of Caldero´n-Zygmund operators
on Hr,p(Rn) is equivalent to the following lemma. We refer the readers to [13, 14, 20] for
the proof.
Lemma 2.9. Suppose s > |r| and g(x) = ∑
(ε, j,k)∈Λn
gεj,kΦ
ε
j,k(x) ∈ Hr,p(Rn). Let g˜εj,k =∑
(ε, j,k)∈Λn
aε,ε
′
j,k, j′,k′g
ε
j′,k′ . If the coefficients aε,ε
′
j,k, j′,k′ satisfy the condition (2.3), then we have
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2r)|g˜εj,k|2χ(2 j − k)

p/2
dx ≤ C
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2r)|gεj,k|2χ(2 j − k)

p/2
dx.
We say that T is a local operator if there exists some constant C > 1 such that for all
x ∈ Rn and r > 0, T maps a distribution with the support B(x, r) to another distribution
supported on the ball B(x,Cr). If t/2 is not a non-negative integer, the operator (I −∆)t/2 is
not a local operator. Now we use wavelets to construct some special fractional differential
operators T t, which are almost local operators and will be used in the proof of our main
result.
Definition 2.10. For t ≥ 0 and h(x) = ∑
(ε, j,k)∈Λn
hεj,kΦ
ε
j,k(x), we define an operator T t corre-
sponding to the kernel Kt(x, y) = ∑
(ε, j,k)∈Λn
2− jtΦεj,k(x)Φεj,k(y) as
T th(x) =
∑
(ε, j,k)∈Λn
2− jthεj,kΦ
ε
j,k(x).
It is easy to prove that T 0 is the identity operator and ‖T th‖Lp = ‖h‖H−t,p for 1 < p < ∞.
Furthermore, we have
Lemma 2.11. Suppose t ≥ 0. For any Q j,k ∈ Ω and x ∈ Q j,k, 2 j(n/2−t)|h0j,k| ≤ CMT th(x),
where M is the Hardy-Littlewood maximal operator.
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Proof. If t = 0, the proof was given by Meyer [13]. Now we consider the case t > 0. Since
T−tΦ0(x) =
∫
K−t(x, y)Φ0(y)dy, it is easy to verify that
|T−tΦ0(x)| ≤ C(1 + |x|)−n−t.
By the fact that t > 0, we have
2 j(n/2−t)h0j,k = 2
j(n/2−t) 〈T th(x), T−tΦ0j,k(x)
〉
= 2 jn/2
〈
T th(x), (T−tΦ0) j,k(x)
〉
.
Hence we can get
|2 j(n/2−t)h0j,k| = 2 jn/2
∣∣∣∣〈T th(x), (T−tΦ0) j,k(x)〉
∣∣∣∣
≤ C2 jn/2
∫
|T th(x)|2 jn/2 dx(1 + |2 jx − k|)n+t
≤ C2 jn

∫
|2 j x−k|≤1
|T th(x)|dx +
∞∑
l=1
∫
2l−1<≤|2 j x−k|≤2l
|T th(x)| dx(1 + |2 jx − k|)n+t

≤ C2 jn
2− jnM(T th)(x) +
∞∑
l=1
2−lt M(T th)(x)2− jn

≤ CM(T t)h(x).
This completes the proof of Lemma 2.11. 
In the rest of this section, we give a decomposition of Sobolev spaces associated with
combination atoms. For |r| < m and g(x) = ∑
(ε, j,k)∈Λn
gεj,kΦ
ε
j,k(x), denote
S rg(x) =

∑
(ε, j,k)∈Λn
2 j(2r+n)|gεj,k|2χ(2 jx − k)

1/2
and for t = 0, denote also S g(x) = S 0g(x).
Definition 2.12. Given r ∈ R, λ > 0. For arbitrary measurable set E, we say that g(x) is a
(r, λ, E)−combination atom, if supp(S rg) ⊂ E and S rg(x) ≤ λ. If E is a dyadic cube, then
g(x) is called a (r, λ, E)−atom.
In [21], Q. Yang introduced the combination atom decomposition of Lebesgue spaces.
In this paper, we need a similar result for Sobolev spaces.
Theorem 2.13. If 1 < p < ∞, |r| < m and ‖g‖Hr,p ≤ 1, there exists a series of (r, 2v, Ev)-
combination atoms gv(x) such that ∑
v∈N
2pv|Ev| ≤ C.
Proof. Denote
˜S rg(x) =

∑
(ε, j,k)∈Λn
2 j(2r+n)|gεj,k|2χ˜(2 j − k)

1/2
.
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For v ≥ 1, let Ev =
{
x : ˜S rg(x) > 2v
}
. By wavelet characterization of Sobolev spaces, we
have
∑
v∈N
2pv|Ev| ≤ C. Let Ev =
⋃
l
Qv,l, where Qv,l are disjoint maximal dyadic cubes with
|Qv,l| ≤ 1. Let Fv,l be the set of dyadic cubes contained in Qv,l but not in Ev+1, Fv = ⋃
l
Fv,l
and F0 = Ω\
⋃
v≥1
Fv. Let E0 = {x ∈ Q, Q ∈ F0} and we can write also E0 = ⋃
l
Q0,l,
where Q0,l are disjoint maximal dyadic cubes in Ω. The related set F0,l is defined as
F0,l =
{
Q ⊂ Q0,l and Q ∈ F0
}
.
For any v ≥ 0, we write gv,l(x) = ∑
Q j,k∈Fv,l
gεj,kΦ
ε
j,k(x) and gv(x) =
∑
Q j,k∈Fv
gεj,kΦ
ε
j,k(x). Then
gv(x) is a desired combination atom. This completes the proof. 
3. Wavelet characterization of the multiplier spaces
In this section, we use Meyer wavelets to characterize the multiplier spaces Xtr,p(Rn). For
any g ∈ Ht,p(Rn), let gΦ,εj,k =
〈
g(x), 2 jn(Φε)2(2 jx − k)
〉
. Let Φ(x) be a function satisfying
Φ(x) ≥ 0, Φ(x) ∈ C∞0 (B(0, 1)) and
∫
Φ(x)dx = 1. For any g ∈ Ht,p(Rn), define gΦj,k =〈
g(x), 2 jnΦ(2 jx − k)
〉
. The function spaces S tr,p(Rn) and S Φ,tr,p (Rn) are defined as follows.
Definition 3.1. Given r > 0, t ≥ 0 and r + t < 1 < p < n/(r + t).
(i) We say f (x) ∈ S tr,p(Rn) if f (x) =
∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x) and
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2t)|gΦ,εj,k |2| f εj,k|2χ(2 jx − k)

p/2
dx ≤ C,
where g ∈ Ht+r,p(Rn) and ‖g‖Hr+t,p(Rn) ≤ 1.
(ii) We say f (x) ∈ S Φ,tr,p (Rn) if f (x) = ∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x) and
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2t)|gΦj,k|2| f εj,k|2χ(2 jx − k)

p/2
dx ≤ C,
where g ∈ Hr+t,p(Rn) and ‖g‖Hr+t,p(Rn) ≤ 1.
Now we give a wavelet characterization of the multiplier space Xtr,p(Rn). Let Φ0(x) and
Φε(x), ε ∈ En be the scaling function and wavelet functions, respectively. For (ε, j, k),
(ε′, j′, k′), (ε”, j′, k′) ∈ Λn and l ∈ Zn, let
aε,ε
′
j,k,l, j′,k′ =
〈
Φ0j,k+l(x)Φεj,k(x), Φε
′
j′ ,k′(x)
〉
and
aε,ε,ε
′′,0
j,k,0, j′,k′ =
〈
(Φεj,k)2 − 2 jnΦ(2 jx − k), Φε
′′
j′,k′(x)
〉
.
Furthermore, for 0 ≤ s ≤ N, ε′ ∈ En, l ∈ Zn and s + |ε − ε′| + |l| , 0, let
aε,ε
′,ε′′,s
j,k,l, j′,k′ =
〈
Φε
′
j,k(x)Φεj+s,2sk+l(x), Φε
′′
j′,k′(x)
〉
.
The following lemma is obtained in [13].
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Lemma 3.2. There exist sufficient big integers N, N1 and N2 such that min {N, N1, N2} >
8n + 8m and the following estimates hold.
(i) If (ε, j, k), (ε′, j′, k′) ∈ Λn, l ∈ Zn and j ≥ j′, then
|aε,ε′j,k,l, j′,k′ | ≤ C(1 + |l|)−N12n j
′/2+ j′− j(1 + |k′ − 2 j′− jk|)−N2 .
(ii) If (ε, j, k), (ε′′, j′, k′) ∈ Λn, 0 ≤ s ≤ N, ε′ ∈ En, l ∈ Zn and j ≥ j′, then
|aε,ε′,ε′′,sj,k,l, j′,k′ | ≤ C(1 + |l|)−N12n j
′/2+ j′− j(1 + |k′ − 2 j′− jk|)−N2 .
(iii) If (ε, j, k), (ε′, j′, k′) ∈ Λn, l ∈ Zn and j < j′, then
|aε,ε′j,k,l, j′,k′ | ≤ C(1 + |l|)−N12−n j
′/2+n j+N( j− j′)(1 + |k − 2 j− j′k′|)−N2 .
(iv) If (ε, j, k), (ε′′, j′, k′) ∈ Λn, 0 ≤ s ≤ N, ε′ ∈ En, l ∈ Zn and j < j′, then
|aε,ε′,ε′′,sj,k,l, j′,k′ | ≤ C(1 + |l|)−N12−n j
′/2+n j+N( j− j′)(1 + |k − 2 j− j′k′|)−N2 .
Theorem 3.3. For t ≥ 0, r > 0 and t + r < 1 < p < n/(t + r), there exist two equivalent
relations between Xtr,p(Rn) and Mtr,p(Rn).
(i) f ∈ Xtr,p(Rn) if and only if f ∈ Mtr,p(Rn) and f ∈ S tr,p(Rn).
(ii) f ∈ Xtr,p(Rn) if and only if f ∈ Mtr,p(Rn) and f ∈ S Φ,tr,p (Rn).
Proof. Let Φ0 and Φε be the scaling function and wavelet functions of Meyer wavelets,
respectively. There exists an integer N ≥ 3 such that
∫
xαΦ0(x)Φε(2N x − k)dx = 0, ∀k ∈
Z
n, α ∈ Nn, ∀ε ∈ En. Denote by Λε,n the set
{
(s, ε′, l), 0 ≤ s ≤ N, ε′ ∈ En, l ∈ Zn, |l| ≤ 2(M+2+s)n and if s = 0, then (0, ε, 0) , (0, ε′, 0)
}
.
Let h(x) be any function in H−t,p′(Rn). We prove that for f ∈ Mtr,p(Rn) ∩ S tr,p(Rn), f h ∈
H−t−r,p′(Rn) and
‖ f h‖H−t−r,p′ (Rn) ≤ C‖ f ‖Mtr,p(Rn)∩S tr,p(Rn)‖h‖H−t,p′ (Rn).
In fact, if the above inequality holds, we have
‖ f ‖X tr,p(Rn) = sup‖g‖Ht+r,p (Rn)≤1
‖ f g‖Ht,p(Rn)
= sup
‖g‖Hr+t,p (Rn )≤1
sup
‖h‖H−t,p′ (Rn )
| 〈 f g, h〉 |
= sup
‖g‖Hr+t,p (Rn )≤1
sup
‖h‖H−t,p′ (Rn )
| 〈 f h, g〉 |
≤ sup
‖g‖Hr+t,p (Rn )≤1
sup
‖h‖H−t,p′ (Rn )
‖ f h‖H−t−r,p′ (Rn)‖g‖Ht+r,p(Rn)
≤ ‖ f ‖Mtr,p(Rn)∩S tr,p(Rn)‖g‖Ht+r,p(Rn).
Hence we can get Xtr,p(Rn) ⊂ Mtr,p(Rn) ∩ S tr,p(Rn).
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Now we begin to prove the above inequality. At first, we give a wavelet decomposition
of the product of f h. Denote
Z
n
N =
{
l = (l1, · · · , ln) ∈ Zn, 0 ≤ li ≤ 2N − 1, i = 1, · · · , n
}
.
For ε ∈ En, l ∈ Zn, |l| ≤ 2(M+2)n and (ε′, l) ∈ Λε,n, we denote
T1,ε(x) =
∑
j∈N,k∈Zn
∑
l∈Zn
f 0j,k+lhεj,kΦ0j,k+l(x)Φεj,k(x);
T2,0,ε,ε(x) =
∑
j∈N,k∈Zn
∑
l∈Zn\{0}
f εj,k+lhεj,kΦεj,k+l(x)Φεj,k(x);
T3,ε(x) =
∑
j∈N,k∈Zn
∑
l∈ZnN
∑
l′∈Zn
f εj+N,2N k+lh0j,k+l′Φ0j,k+l′(x)Φεj+N,2N k+l(x);
T4,ε(x) =
∑
j∈N,k∈Zn
f εj,khεj,k2 jn(Φεj,k(x))2;
T5(x) =
∑
k∈Zn
∑
l∈Zn
f 00,kh00,k+lΦ00,k(x)Φ00,k+l(x).
Further, for any ε, ε′ ∈ En, 0 < s ≤ N or s = 0 and ε , ε′, denote
T2,ε,ε′,s(x) =
∑
j∈N,k∈Zn
∑
l∈Zn
f ε′j+s,2sk+lhεj,kΦε
′
j+s,2sk+l(x)Φεj,k(x).
By the formulas (2.1) and (2.2), we can divide f (x)h(x) into the sum of the above five
terms, that is,
f (x)h(x) =
∑
ε∈En
T1,ε +
∑
0≤s≤N,ε,ε′∈En
T2,s,ε,ε′(x) +
∑
ε∈En
T3,ε +
∑
ε∈En
T4,ε + T5(x)
:=
5∑
i=1
Ti(x).
If g(x) ∈ Ht+r,p(Rn), g(x) = ∑
(ε, j,k)∈Λn
gεj,kΦ
ε
j,k(x). For ε, ε′ ∈ En and 0 ≤ s ≤ N, we define
T1,ε =
∫
T1,ε(x)g(x)dx and T2,s,ε,ε′ =
∫
T2,s,ε,ε′(x)g(x)dx. Let
T1,1,ε,l =
∑
j∈N,k∈Zn
∑
j≥ j′≥0,ε′,k′∈Zn
| f 0j,k+l||hεj,k||aε,ε
′
j,k,l, j′,k′ ||gε
′
j′,k′ |,
T1,2,ε,l =
∑
j∈N,k∈Zn
∑
j< j′,ε′,k′∈Zn
| f 0j,k+l||hεj,k||aε,ε
′
j,k,l, j′,k′ ||gε
′
j′,k′ |,
T2,1,s,ε,ε′, l =
∑
j∈N,k∈Zn
∑
j≥ j′>0, ε′′ , k′∈Zn
| f ε′j+s, 2sk+l||hεj,k||aε,ε
′,ε′′ ,s
j,k,l, j′,k′ ||gε
′′
j′, k′ |
and
T2, 2, s, ε,ε′, l =
∑
j∈N,k∈Zn
∑
j< j′, ε′′ , k
| f ε′j+s, 2sk+l||hεj,k||aε,ε
′,ε′′ ,s
j,k,l, j′,k′∈Zn ||gε
′′
j′, k′ |.
It is easy to see that
|T1,ε| ≤
∑
l∈Zn
(
T1,1,ε,l + T1,2,ε,l
)
and |T2,s,ε,ε′ | ≤
∑
l∈Zn
(
T2,1,s,ε,ε′l + T2,2,s,ε,ε′,l
)
.
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Let S tg j′(x) = ∑
ε′ ,k′
2 j′(n/2+t)gε′j′,k′χ(2 j
′
x − k′). For fixed x, there is only one k′ such that
χ(2 j′x − k′) , 0 and the number of ε′ in the sum is finite. Then the operator S tg j′(x) is
equivalent to the following one:
S tg j′(x) =

∑
ε′,k′
22 j′(n/2+t)|gε′j′,k′ |2χ(2 j
′
x − k′)

1/2
.
Let M be the Hardy-Littlewood maximal function. Then if j < j′, ∀x ∈ Q j,k, we have
∑
k′
(1 + |k − 2 j− j′k′|)−N22 j′(−n/2+t)gε′j′,k′ ≤ C2− jnMS tg j′(x).
Now we estimate the quantities T1,1,ε,l, T1,2,ε,l, T2,1,s,ε,ε′,l and T2,2,s,ε,ε′,l separately.
(1) For j′ ≤ j, we have
T1,1,ε,l =
∑
j,k
∑
j≥ j′,ε′,k′
| f 0j,k+l||hεj,k||aε,ε
′
j,k,l, j′,k′ ||gε
′
j′,k′ |.
By Lemma 3.2, we know
|aε,ε′j,k,l, j′,k′ | ≤ (1 + |l|)−N1 (1 + |k′ − 2 j
′− jk|)−N2 2n j′/2+ j′− j.
By Lemma 2.7, f ∈ Mtr,p(Rn) ⊂ BMOr(Rn) implies | f εj,k| ≤ C2(r−n/2) j. Now we can get
∑
l∈Zn
T1,1,ε,l ≤
∑
l∈Zn
∑
k, j≥ j′
∫
23n j′/2+( j′− j)+(r−n/2) j
∑
k′

∑
ε′
|gε′j′,k′ |2

1/2 |hεj,k|χ(2 j
′
x − k′)
(1 + |l|)N1 (1 + |k′ − 2 j′− jk|)N2 dx
≤
∑
j≥ j′
∫
23n j′/2+( j′− j)+(r−n/2) j
∑
k′

∑
ε′
22 j′(n/2+t+r)|gε′j′,k′ |2

1/2
2− j′(t+r+n/2)
×
∑
k
|hεj,k|χ(2 j
′
x − k′)
(1 + |k′ − 2 j′− jk|)N2 2
j(−n/2−t)2 j(n/2+t)dx
≤
∫ ∑
j≥ j′
23n j′/2− j′(t+r+n/2)+( j′− j)+(r−n/2) j+ j(n/2+t)2− j′nS t+rg j′(x)M(S −th j)(x)dx.
Because 0 < t + r < 1,
∑
l∈Zn
T1,1,ε,l ≤
∑
j≥ j′
2( j′− j)+(r+t) j− j′(r+t)
∫
S t+rg j′(x)M(S −th j)(x)dx
≤
∑
j≥ j′
2( j′− j)(1−r−t)‖g‖Ht+r,p(Rn)‖h‖H−t,p′ (Rn)
≤ C‖g‖Ht+r,p(Rn)‖h‖H−t,p′ (Rn).
Now we estimate the term
T2,1,s,ε,ε′,l(x) =
∑
j,k
∑
j≥ j′>0
| f ε′j,k||hεj+s,2sk+l||aε,ε
′,ε′′,s
j,k,l, j′,k′ ||gε
′′
j′,k′ |.
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Because f ∈ Mtr,p(Rn) ⊂ BMOr(Rn), by Lemma 2.7, we have | f ε′j,k+l| ≤ C2(r−n/2) j. By
Lemma 3.2,
|aε,ε′,ε′′ ,sj,k,l, j′,k′ | ≤ C(1 + |l|)−N1(1 + |k′ − 2 j
′− jk|)−N22n j′/2+( j′− j).
We can get, similarly,
∑
l∈ZnN
T2,1,s,ε,ε′,l(x) =
∑
l∈ZnN
∑
j,k
∑
j≥ j′>0
| f ε′j,k||hεj+s,2sk+l||aε,ε
′,ε′′,s
j,k,l, j′,k′ ||gε
′′
j′,k′ |
≤ C
∑
l∈ZnN
∑
j,k
∑
j≥ j′>0
2(r−n/2) j2n j′/2+ j′− j
|hεj+s,2sk+l||gε
′′
j′,k′ |
(1 + |l|)N1 (1 + |k′ − 2 j′− jk|)N2
≤ C
∑
l∈ZnN
∑
j≥ j′>0
∫
23n j′/2+( j′− j)+(r−n/2) j
∑
ε′′ ,k′
|gε′j′,k′ ||hεj+s,2sk+l|χ(2 j
′
x − k′)
(1 + |l|)N1 (1 + |k′ − 2 j′− jk|)N2 dx
≤
∑
j≥ j′>0
2( j′− j)(1−t−r)
∫
S t+r(g j′)(x)MS −th j+s(x)dx
≤ C‖S t+rg j′‖Lp (Rn)‖MS −th j+s‖Lp′ (Rn)
≤ C‖g‖Ht+r,p(Rn)‖h‖H−t,p′ (Rn).
(2) If j′ > j, the estimates of the terms T1,2,ε,l and T2,2,s,ε,ε′,l are easier than those of T1,1,ε,l
and T2,1,s,ε,ε′,l. For example, we estimate the term
T1,2,ε,l =
∑
j,k
∑
0≤ j< j′,ε′,k′
| f 0j,k+l||hεj,k||aε,ε
′
j,k,l, j′,k′ ||gε
′
j′,k′ |.
Because f ∈ Mtr,p(Rn) ⊂ BMOr(Rn), by Lemma 2.7, | f 0j,k+l| ≤ C2(r−n/2) j. By Lemma 3.2,
|aε,ε′j,k,l, j′,k′ | ≤ C(1 + |l|)−N1(1 + |k − 2 j− j
′k′|)−N2 2−n j′/2+n j+N( j− j′).
Because 2n j
∫
χ(2 jx − k)dx = 1, we can obtain
∑
l∈Zn
T1,2,ε,l ≤ C
∑
l∈Zn
∑
j,k
∑
0≤ j< j′,ε′,k′
2(r−n/2) j2−n j′/2+n j+N( j− j′)
|hεj,k||gε
′
j′,k′ |
(1 + |l|)N1(1 + |k − 2 j− j′k′|)N2
≤ C
∑
l∈Zn
∑
j,k
∑
0≤ j< j′,ε′,k′
∫
2(r−n/2) j2−n j′/2+n j+N( j− j′)2n j
|hεj,k||gε
′
j′,k′ |χ(2 jx − k)
(1 + |l|)N1(1 + |k − 2 j− j′k′|)N2 dx
≤ C
∑
ε, j,k
∫
2(r−n/2)2−n j′/2+n j+N( j− j′)2n j2−n j2− j′(−n/2+t+r)MS t+r(g j′)(x)|hεj,k|χ(2 jx − k)dx
≤ C
∑
0≤ j< j′
∫
2(r−n/2) j2−n j′/2+n j+N( j− j′)2− j(n/2−t)2− j′(−n/2+t+r)MS t+r(g j′)(x)S −t(h j)(x)dx
≤ C‖g‖Ht+r,p(Rn)‖h‖H−t,p′ (Rn).
The estimate for T2,2,s,ε,ε′,l(x) can be obtained similarly. By the same methods used in (1)
and (2), we can get the estimate of the term T5. We omit the details.
(3) Now we consider the term T3,ε. We have the following claim.
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Claim 1: Given r > 0, t ≥ 0 and t + r < 1 < p < n/(t + r). If f ∈ BMOr(Rn), then
| 〈T3,ε(x), g(x)〉 | ≤ C‖g‖Ht+r,p(Rn)‖h‖H−t,p′ (Rn).
In fact, for l ∈ ZnN , (ε, j, k) ∈ Λn and l′ ∈ Zn, let
gε,l
′
j+N,2N k+l = 2
−n j/2 〈Φ0j,k+l′(x)Φεj+N,2N k+l(x), g(x)
〉
.
We have
| 〈T3,ε(x), g(x)〉 | =
∣∣∣∣∣∣∣∣
∑
(ε, j,k)∈Λn
∑
l∈ZnN ,l′∈Zn
2 jn/2h0j,k+l′g
ε,l′
j+N,2N k+l f εj+N,2N k+l
∣∣∣∣∣∣∣∣
≤
∑
l∈ZnN
∑
(ε, j,k)∈Λn

∑
l′∈Zn
2 jn/2|h0j,k+l′ ||gε,l
′
j+N,2Nk+l|
 | f εj+N,2N k+l|.
Because (Fr,21 (Rn))′ = BMOr(Rn), by Lemma 2.11, we have
| 〈T3,ε(x), g(x)〉 |
≤ C
∑
l∈ZnN
‖ f ‖BMOr
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2r+t)

∑
l′∈Zn
2 j(n/2−t)|h0j,k+l′ ||gε,l
′
j+N,2Nk+l|

2
χ(2 jx − k)

1/2
dx
≤ C‖ f ‖BMOr
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2r+2t)

∑
l′∈Zn
(1 + |l′|)N+n|gε,l′j+N,2Nk+l|

2
χ(2 jx − k)

1/2
MT th(x)dx.
Because
|gε,l′j+N,2Nk+l| = 2−n j/2
∣∣∣∣∣∣∣∣
〈
Φ0j,k+l′(x)Φεj+N,2N k+l(x),
∑
(ε′, j′,k′)∈Λn
gε
′
j′,k′Φ(x)ε
′
j′,k′
〉∣∣∣∣∣∣∣∣
= 2−n j/2
∣∣∣∣∣∣∣∣
〈
Φ0j,k+l′(x)Φεj+N,2N k+l(x),
∑
(ε′, j′,k′)∈Λn,| j′− j−N|≤2
gε
′
j′,k′Φ(x)ε
′
j′,k′
〉∣∣∣∣∣∣∣∣ ,
we can get

∑
(ε, j,k)∈Λn
2(n+2t+2t) j

∑
l′∈Zn
(1 + |l′|)N+n|gε,l′j+N,2Nk+l|

2
χ(2 jx − k)

1/2
≤
∑
| j′− j−N|≤2
MS t+rg j′(x).
Hence we have
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2r+t)

∑
l′∈Zn
2 j(n/2−t)|h0j,k+l′ ||gε,l
′
j+N,2Nk+l|

2
χ(2 jx − k)

p/2
dx
≤
∫ 
∑
j≥0

∑
| j′− j−N|≤2
MS t+rg j′(x)

2
p/2
dx
≤ C‖g‖Ht+r,p .
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Finally, we obtain, by Ho¨lder’s inequality,
| < T3,ε(x), g(x) > | ≤ C‖ f ‖BMOr‖g‖Ht+r,p‖MT th‖p′
≤ C‖ f ‖BMOr‖g‖Ht+r,p‖h‖H−t,p′ .
This completes the proof of Claim 1.
In order to deal with the term T4,ε(x) = ∑
(ε, j,k)∈Λn
f εj,khεj,k
(
Φεj,k(x)
)2
, we need the following
estimate.
Claim 2: For r > 0, t ≥ 0 and t + r < 1 < p < n/(r + t), f (x) ∈ S tr,p(Rn) if and only if
| 〈T4,ε(x), g(x)〉 | ≤ C‖g‖Hr+t,p(Rn)‖h‖H−t,p′ (Rn).
In fact, for g ∈ Hr+t,p(Rn), 〈T4,ε(x), g(x)〉 = ∑
(ε, j,k)∈Λn
2n j/2 f εj,kgΦ,εj,k hεj,k. By the definitions
of S tr,p(Rn) and H−t,p
′(Rn), using Ho¨lder’s inequality, we have
| 〈T4,ε(x), g(x)〉 | ≤
∫ ∑
(ε, j,k)∈Λn, j≥0
23 jn/2| f εj,k||gΦ,εj,k ||hεj,k|χ(2 jx − k)dx
≤
∫ 
∑
(ε, j,k)∈Λn, j≥0
2 j(n+2t)|gΦ,εj,k |2| f εj,k|2χ(2 jx − k)

1/2
×

∑
(ε, j,k)∈Λn, j≥0
2 j(n−2t)|hεj,k|2χ(2 jx − k)

1/2
dx
≤

∫ 
∑
(ε, j,k)∈Λn, j≥0
2 j(n+2t)|gΦ,εj,k |2| f εj,k|2χ(2 jx − k)

p/2
dx

1/p
×

∫ 
∑
(ε, j,k)∈Λn, j≥0
2 j(n−2t)|hεj,k|2χ(2 jx − k)

p′/2
dx

1/p′
≤ ‖ f ‖S tr,p(Rn)‖h‖H−t,p′ (Rn).
Because f ∈ S tr,p(Rn), we can see that
| 〈T4,ε(x), g(x)〉 | ≤ C‖g‖Ht+r,p(Rn)‖h‖H−t,p′ (Rn).
Conversely, let τεj,k = f εj,k2 j(n/2+t)gΦ,εj,k and τ(x) =
∑
(ε, j,k)∈Λn, j≥0
τεj,kΦ
ε
j,k(x). Denote h =
|τ|p−2τ. For h(x) = ∑
(ε, j,k)∈Λn
hεj,kΦ
ε
j,k(x), we write ht(x) as the function
ht(x) =
∑
(ε, j,k)∈Λn, j≥0
2 jthεj,kΦ
ε
j,k(x) :=
∑
(ε, j,k)∈Λn
(ht)εj,kΦεj,k(x).
It is easy to see that h ∈ Lp′ (Rn) is equivalent to ht ∈ H−t,p′(Rn).
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By the wavelet characterization of Ht,p(Rn), we get
∫ 
∑
(ε, j,k)∈Λn, j≥0
2 j(n+2t)|gΦ,εj,k |2| f εj,k|2χ(2 jx − k)

p/2
dx
=
∫ 
∑
(ε, j,k)∈Λn, j≥0
2 jn|τεj,k|2χ(2 jx − k)

p/2
dx
=
∫
|τ|pdx =
∫
τhdx
=
∑
(ε, j,k)∈Λn
2 j(t+n/2) f εj,kgΦ,εj,k hεj,k
=
∑
(ε, j,k)∈Λn
2 jn/2 f εj,kgΦ,εj,k (ht)εj,k.
Further, we can deduce that
∫ 
∑
(ε, j,k)∈Λn, j≥0
2 j(n+2t)|gΦ,εj,k |2| f εj,k |2χ(2 jx − k)

p/2
dx =
∣∣∣〈T4,ε(x), g(x)〉∣∣∣
≤ C‖g‖Ht+r,p(Rn)‖ht‖H−t,p′ (Rn)
≤ C‖g‖Ht+r,p(Rn)‖τ‖p/p
′
Lp (Rn).
Hence ‖τ‖Lp < ∞ and f (x) ∈ S tr,p(Rn). This completes the proof of (i) of this theorem.
For the proof of (ii), similarly, we divide the product f (x)h(x) into the following terms
T1,ε(x) =
∑
j∈N,k∈Zn
∑
l∈Zn
f 0j,k+lhεj,kΦ0j,k+l(x)Φεj,k(x);
T2,0,ε,ε(x) =
∑
j∈Z,k∈Zn
∑
l∈Zn,l,0
f εj,k+lhεj,kΦεj,k+l(x)Φεj,k(x)
+
∑
j∈N,k∈Zn
f εj,khεj,k((Φε) j,k(x))2 − 2 jnΦ(2 jx − k));
T3,ε(x) =
∑
j∈N,k∈Zn
∑
l∈ZnN
∑
l′∈Zn
f εj+N,2N k+lh0j,k+l′Φ0j,k+l′(x)Φεj+N,2Nk+l(x);
T4,ε(x) =
∑
j∈N,k∈Zn
f εj,khεj,k2 jnΦ(2 jx − k);
T5(x) =
∑
k∈Zn
∑
l∈Zn
f 00,kh00,k+lΦ0j,k(x)Φ00,k+l(x).
For ε, ε′ ∈ En, 0 < s ≤ N or s = 0 and ε , ε′, denote
T2,s,ε,ε′(x) =
∑
j∈N,k∈Zn
∑
l∈Zn
f ε′j+s,2sk+lhεj,kΦε
′
j+s,2sk+l(x)Φεj,k(x).
By the same method used in the proof of (i), we can get the conclusion. 
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4. A logarithmic condition for multipliers
By Lemma 2.5, we know that the multiplier space Xtr,p(Rn) ⊂ Mtr,p(Rn). In this section,
we consider the reverse inclusion relation. At first we introduce a logarithmic Morrey
spaces.
Definition 4.1. Fix 1 < p < n/(r + t) and τ ≥ 0. We say f (x) ∈ Mt,τr,p(Rn) if sup
|Q|=1
| ft,Q| ≤ C
and ∫
Q
∣∣∣∣(I − ∆) t2 f (x) − ft,Q
∣∣∣∣p dx ≤ C ∣∣∣1 − log2 |Q|∣∣∣pτ |Q|1−p(r+t)/n,
for any cube Q with |Q| ≤ 1.
Similar to Theorem 2.4, we have the following wavelet characterization of Mt,τr,p(Rn).
Theorem 4.2. Given t, τ ≥ 0, r > 0, 1 < p < n/(r + t). f (x) = ∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x) belongs
to the logarithmic Morrey spaces Mt,τr,p(Rn) if and only if
∫
Q

∑
ε∈En ,Q j,k⊂Q
2 j(n+2t)| f εj,k|2χ(2 jx − k)

p/2
dx ≤ C(1 − log2 |Q|)−pτ|Q|1−p(r+t)/n,
where Q ∈ Ω with |Q| ≤ 1.
Proof. Similar to that of Theorem 2.4, the proof of this theorem can be obtained by the
characterization of Triebel-Lizorkin spaces (see Lemma 2.2 ) . We omit the detail. 
In [7], C. Fefferman established the following relation:
Mtr,q(Rn) ⊂ Xtr,p(Rn) ⊂ Mtr,p(Rn),
where q > p > 1. In this section, we use wavelet characterization to give a logarithmic
type inclusion. Let r > 0, t ≥ 0, 1 < p < n/(r + t) and τ > 1/p′. We prove that Mt,τr,p(Rn) is
a subspace of Xtr,p(Rn) in Theorem 4.8. Hence, for q > p,
Mtr,q(Rn) ⊂ Mt,τr,p(Rn) ⊂ Xtr,p(Rn) ⊂ Mtr,p(Rn) = Mt,0r,p(Rn).
Lemma 4.3. If τ > 0, r > 0, t ≥ 0 and 1 < p < n/(r + t), f ∈ Mt,τr,p(Rn) implies that
| f εj,k| ≤ C2 j(r−n/2)(1 + j)−τ.
Proof. Because f ∈ Mt,τr,p(Rn), then for any dyadic cube Q ∈ Ω,
∫
Q

∑
ε∈En ,Q j,k⊂Q
2 j(n+2t)| f εj,k|2χ(2 jx − k)

p/2
dx ≤ C(1 − log2 |Q|)−pτ|Q|1−p(r+t)/n.
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We have
∫
Q

∑
ε∈En ,Q j,k⊂Q
2 j(n−2r)| f εj,k|2χ(2 jx − k)

p/2
dx
≤ C|Q|p(r+t)/n
∫
Q

∑
ε∈En ,Q j,k⊂Q
2 j(n+2t)| f εj,k |2χ(2 jx − k)

p/2
dx
≤ C|Q|p(r+t)/n|Q|1−p(r+t)/n(1 − log2 |Q|)−τp
≤ C|Q|(1 − log2 |Q|)−τp.
For ε ∈ En, j ∈ N and k ∈ Zn, take Q = Q j,k. By the wavelet characterization of BMOr(Rn),
we get
∫ (
2 jn−2 jr| f εj,k |2χ(2 jx − k)
)p/2
dx ≤ C2− jn(1 − log2 2− jn)−τp ≤ C2− jn(1 + j)−τp.
Then we have |Q j,k|(2 j(n/2−r)| f εj,k|)p ≤ C2− jn(1 + j)−τp and | f εj,k | ≤ C2 j(r−n/2)(1 + j)−τ.
When ε = 0,
f 0j,k =
〈 ∑
(ε′ , j,k)∈Λn
f ε′j′ ,k′Φε
′
j′,k′ , Φ
0
j,k
〉
=
〈∑
j′< j
f ε′j′ ,k′Φε
′
j′,k′ , Φ
0
j,k
〉
.
Since
∣∣∣∣∣∣
∑
j′< j
f ε′j′ ,k′Φε
′
j′,k′(x)
∣∣∣∣∣∣ ≤ C2(r−n/2) j(1 + j)−τ, then
| f 0j,k| ≤ C
〈
2r j(1 + j)−τ, |Φ0j,k|
〉
≤ C2(r−n/2) j(1 + j)−τ.

For β = (β1, β2, · · · , βn), βi ∈ N+, define fβ(x) = (∂/∂x)β f . We have the following two
lemmas.
Lemma 4.4. For τ > 0, r > 0, t ≥ 0 and 1 < p < n/(r + t), the function f ∈ Mt,τr,p(Rn)
implies its derivative fβ ∈ Mt−|β|,τr+|β|,p(Rn), where |β| =
n∑
i=1
βi.
Proof. If f ∈ Mt,τr,p(Rn) and f (x) = ∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x), by Theorem 4.2, we have
∫ 
∑
ε∈En ,Q j,k⊂Q
2 j(n+2t)| f εj,k|2χ(2 jx − k)

p/2
dx ≤ C(1 − log2 |Q|)−pτ|Q|1−p(r+t)/n.
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Denote by f ε,βj,k the wavelet coefficients of fβ(x). We can get f β,εj,k = 2 j|β| f εj,k and
∫ 
∑
ε∈En ,Q j,k⊂Q
2 j(n+2t−2|β|)| f β,εj,k |2χ(2 jx − k)

p/2
dx
≤
∫ 
∑
ε∈En ,Q j,k⊂Q
2 j(n+2t)| f εj,k|2χ(2 jx − k)

p/2
dx
≤ C(1 − log2 |Q|)−pτ|Q|1−
p[(r+|β|)+(t−|β|)]
n .
This implies that fβ(x) ∈ Mt−|β|,τr+|β|,p(Rn). 
To get the sufficient condition for multiplier spaces, we need to consider carefully the re-
lationship of different dyadic cubes relative to combination atoms. Because of this reason,
we use Daubechies wavelets in the rest of this section.
If gu(x) is a (m, 2u, Eu)−combination atom, then we denote the number of biggest dyadic
cubes in Eu by i1. Denote by Fu,1 the set {i ∈ N, i = 1, · · · , i1}. If i ∈ Fu,1, we denote such
cube by Qu,1,i. The volume of Qu,1,i is denoted by 2−n ju,1 , that is, |Qu,1,i| = 2−n ju,1 . Denote
Eu,1 = Eu \ ( ⋃
i∈Fu,1
Qu,1,i).
We denote the number of biggest dyadic cubes in Eu,1 by i2. Denote by Fu,2 the set
{i ∈ N, i = 1, · · · , i2}. If i ∈ Fu,2, we denote such cube by Qu,2,i. The volume of Qu,2,i is
denoted by 2−n ju,2 , that is, |Qu,2,i| = 2−n ju,2 . Denote Eu,2 = Eu,1 \ ( ⋃
i∈Fu,2
Qu,2,i).
We continue this process until there exists some s such that Eu,s+1 is empty. For
s′ ≥ s + 1, we denote is′ = 0 and Fu,s′ and Eu,s′ are empty sets. Otherwise we continue
until infinitely. Then Eu =
⋃
s≥1,i∈Fu,s
Qu,s,i and gu(x) = ∑
s≥1,i∈Fu,s
gu,s,i(x), where gu,s,i(x) =∑
Q j,k⊂Qu,s,i
gεj,kΦ
ε
j,k(x).
To compute the norm of f (x)gu(x), we need to find out a special set of dyadic cubes de-
noted by {Qu,s,i,k}(s,i,k)∈Hu such that suppgu ⊂ ⋃(s,i,k)∈Hu Qu,s,i,k. gu(x) is nearly L
∞ function on
Qu,s,i,k and satisfies the estimate of Lemma 4.5. We divide such process into the following
three steps.
Step 1. For ∀s ≥ 1, if i ∈ Fu,s and k ∈ Zn with |k| <
√
n2(M+3)n, we denote (i, k) ∈ Gu,s.
Denote Fu =
{(s, i, k), s ≥ 1, (i, k) ∈ Gu,s}. For ∀(s, i, k) ∈ Fu, we denote Qu,s,i,k = 2− ju,s k +
Qu,s,i. For ∀s ≥ 1, denote ˜E0u,s =
⋃
(i,k)∈Gu,s
Qu,s,i,k. In the next step, we choose a special
subcover to the support of gu(x).
Step 2. We define now Hu,s(s ≥ 1), ˜E1u,s(s ≥ 1) and G1u,s(s ≥ 2).
For s = 1, denote Hu,1 = Gu,1 and ˜E1u,s = ˜E0u,s. For s = 2, denote (i, k) ∈ G1u,2, if there
exists 0 ≤ j ≤ ju,1, l ∈ Zn such that Q j,l ⊂ ⋃
|k−k′ |≤√n2(M+2)n
Qu,2,i,k′ and < gu,Φ0j,l(x) >, 0. We
know that
⋃
(i,k)∈G1
u,2
Qu,2,i,k ⊂ ˜E1u,1. Denote Hu,2 = Gu,2 \G1u,2 and ˜E1u,2 =
⋃
(i,k)∈Hu,2
Qu,2,i,k.
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For s = 3, denote (i, k) ∈ G1
u,3, if there exists 0 ≤ j ≤ ju,2, l ∈ Zn such that Q j,l ⊂⋃
|k−k′|≤ √n2(M+2)n
Qu,2,i,k′ and < gu(x), Φ0ju,s,l(x) >, 0. We know that
⋃
(i,k)∈G1
u,3
Qu,3,i,k ⊂ ⋃
1≤s≤2
˜E1u,s.
Denote Hu,3 = Gu,3 \G1u,3 and ˜E1u,3 =
⋃
(i,k)∈Hu,3
Qu,3,i,k.
We continue this process until infinity. For s ≥ 2, maybe, a party of G1u,s, Hu,s and ˜E1u,s
are empty set.
Step 3. Let Hu =
{(s, i, k), s ≥ 1, (i, k) ∈ Hu,s}. It is easy to see that the support of gu(x)
is contained in ⋃
s≥1
˜E1u,s.
For a (t+r, 2u, Eu)-combination atom gu(x) and g0j,k =< gu,Φ0j,k >, we have the following
estimate.
Lemma 4.5. Given r > 0, t ≥ 0, 1 < p < n/(t + r) and s ≥ 1. For (i,m′) ∈ Hu,s and
Q j,k ⊂ Qu,s,i,m′ , we have |g0j,k| ≤ C2u−n j/22−(t+r) ju,s .
Proof. By the definition of Hu,s, we have
g0j,k =
〈
gu(x), Φ0j,k(x)
〉
=
〈 ∑
(ε′ , j′,k′)∈Λn
gε
′
j′,k′Φ
ε′
j′,k′(x), Φ0j,k(x)
〉
=
〈 ∑
(ε′ , j′,k′)∈Λn
∑
j′≥ ju,s
gε
′
j′,k′Φ
ε′
j′ ,k′(x), Φ0j,k(x)
〉
.
Because gu is a (m, 2u, Eu)-combination atom, S t+r(gu)(x) ≤ C2u. Hence for every (ε′, j′, k′),
|gε′j′,k′ | ≤ C2u2− j
′(r+t+n/2)
. We can obtain
|g0j,k| =
∣∣∣∣∣∣∣∣
〈 ∑
(ε′ , j′,k′)∈Λn
∑
j′≥ ju,s
gε
′
j′,k′Φ
ε′
j′,k′(x), Φ0j,k(x)
〉∣∣∣∣∣∣∣∣
≤ C2u
∫ ∑
j′≥ ju,s
2− j′(r+t)2− jn′/22 j′n/22 jn/2|Φε′(2 j′x − k′)||Φ0(2 jx − k)|dx
≤ C2u2− jn/22− ju,s(r+t).

Theorem 4.6. Suppose that τ > 1/p′, t ≥ 0, r > 0 and 1 < p < n/(r + t). If f ∈ Mt,τr,p(Rn)
and gu is a (t+ r, 2u, Eu)−combination atom, then for s ≥ 1, (i,m′) ∈ Hu,s and Q = Qu,s,i,m′ ,
we have ‖ f gu‖Ht,p(Q) ≤ C(1 + ju,s)−τ2u|Q|1/p.
Proof. First, for t ≥ 0, we prove ‖ f gu‖Lp(Q) ≤ C j−τu,s2u|Q|1/p. Let f (x) =
∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x)
and gu(x) = ∑
(ε, j,k)∈Λn
gεj,kΦ
ε
j,k(x). Denote by Λ′n the set
{
(ε, ε′, j, k, l), ε, ε′ ∈ En, (ε, k) , (ε′, k + l), j ∈ Z, k, l ∈ Zn, |l| ≤
√
n2(M+2)n
}
.
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For any dyadic cube Q ⊂ Eu, by the formulas (2.1) and (2.2), we decompose the product
f (x)gu(x) into the following parts.
T1(x) =
∑
(ε, j,k)∈Λn, j= ju,s
∑
|l|≤√n2(M+2)n
f 0j,k+lg0j,kΦ0j,k+l(x)Φ0j,k(x);
T2(x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
∑
|l|≤√n2(M+2)n
f 0j,k+lgεj,kΦ0j,k+l(x)Φεj,k(x);
T3(x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
∑
|l|≤√n2(M+2)n
f εj,k+lg0j,kΦεj,k+l(x)Φ0j,k(x);
T4(x) =
∑
(ε,ε′ , j,k,l)∈Λ′n, j≥ ju,s
∑
|l|≤√n2(M+2)n
f ε′j,k+lgεj,kΦε
′
j,k+l(x)Φεj,k(x);
T5(x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
f εj,kgεj,k
(
(Φεj,k(x))2 − 2n j/2Φ0j,k(x)
)
;
T6(x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
f εj,kgεj,k2n j/2Φ0j,k(x).
We divide the rest of the proof into three steps.
Step 1. For t ≥ 0, we estimate the norm ‖ · ‖Lp(Q) for the terms Ti(x), i = 1, 2, · · · , 6. By
the wavelet characterization of Sobolev spaces, we obtain
f =
∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x) ∈ Lp if and only if
∥∥∥∥∥∥∥∥

∑
(ε, j,k)∈Λn
2 jn| f εj,k|2χ(2 jx − k)

1/2∥∥∥∥∥∥∥∥
Lp
.
Denote by S 0( f )(x) the operator
( ∑
(ε, j,k)∈Λn
2 jn| f εj,k |2χ(2 jx − k)
)1/2
. We have ‖ f ‖Lp ≃ ‖S 0( f )‖Lp .
(1) Because f ∈ Mt,τr,p, by Lemma 4.3, | f 0ju,s ,k| ≤ (1+ ju,s)−τ2(r−n/2) ju,s . By Lemma 4.5, we
have |g0ju,s,k| ≤ C2u−(r+t+n/2) ju,s . Hence we can get
S 0(T1)(x)
=

∑
|Q j,k |=|Q ju,s ,k |
22 ju,sn| f 0ju,s,k |2|g0ju,s,k|2χ(2 ju,s x − k)

1/2
≤

∑
|Q j,k |=|Q ju,s ,k |
22 ju,sn(1 + ju,s)−2τ22(r−n/2) ju,s 22u−2(r+t+n/2) ju,s 22 ju,s(n/2+t)χ(2 ju,s x − k)

1/2
.
Because ju,s ≥ 0, we have
S 0(T1)(x) ≤ (1 + ju,s)−τ2u

∑
|Q j,k |=|Q ju,s ,k |
χ(2 jx − k)

1/2
.
and
‖T1‖Lp(Q) = ‖S 0(T1)‖Lp(Q) ≤ C(1 + ju,s)−τ2u|Q|1/p.
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(2) Now we estimate T2(x) = ∑
(ε, j,k)∈Λn, j≥ ju,s
∑
|l|≤√n2(M+2)n
f 0j,k+lgεj,kΦ0j,k+l(x)Φεj,k(x). Because
j ≥ ju,s ≥ 0, we have
| f 0j,k| ≤ (1 + ju,s)−τ2(r−n/2) j ≤ (1 + ju,s)−τ2(r+t−n/2) j.
Let
Λ
Q
n,2 =
{
(ε, j, k) ∈ Λn | j ≥ ju,s,∀l ≤
√
n2(M+2)n, |supp(Φ0j,k+l(x)Φεj,k(x)) ∩ Q| , 0
}
.
Then we can get
S 0(T2)(x) =

∑
(ε, j,k)∈ΛQ
n,2
| f 0j,k+l|2|gεj,k|2χ(2 jx − k)

1/2
≤ C

∑
(ε, j,k)∈ΛQ
n,2
22 jn(1 + j)−2τ22 j(r+t−n/2)|gεj,k|2χ(2 jx − k)

1/2
≤ C(1 + ju,s)−τS t+r(gu)(x).
Because gu(x) is a (t + r, 2u, Eu)−combination atom,
‖S 0(T2)‖Lp(Q) ≤ C(1 + ju,s)−τ‖S t+r(gu)‖Lp(Q) ≤ C(1 + ju,s)−τ2u|Q|1/p.
(3) Since gu(x) is a (t + r, 2u, Eu)−combination atom, for s ≥ 1, (i,m′) ∈ Hu,s, j ≥ 0 and
Q = Qu,s,i,m′ ,
|g0j,k| ≤ C2u−n j/22−(r+t) j = 2u−n j/2|Q|(r+t)/n.
Let
Λ
Q
n,3 =
{
(ε, j, k) ∈ Λn | j ≥ ju,s,∀l ≤
√
n2(M+2)n, |supp(Φ0j,k(x)Φεj,k+l(x)) ∩ Q| , 0
}
.
We have, by ju,s ≥ 0,
S 0(T3)(x) =

∑
(ε, j,k)∈ΛQ
n,3
2 jn|g0j,k|2| f εj,k|2χ(2 jx − k)

1/2
≤ C2u|Q|(r+t)/n

∑
(ε, j,k)∈ΛQ
n,3
2 j(n+2t)| f εj,k|2χ(2 jx − k)

1/2
.
By the fact that j ≥ ju,s and f ∈ Mt,τr,p(Rn), we get
‖S 0(T3)‖Lp(Q) ≤ C2u|Q|(r+t)/n (− log2 |Q|)−τ |Q|1/p−(r+t)/n ≤ C2u j−τu,s|Q|1/p.
(4) Now we estimate the term T4(x). Let
Λ
Q
n,4 =
{
(ε, j, k) ∈ Λn | j ≥ ju,s,∀(ε, ε′, j, k, l) ∈ Λ′n, |supp(Φε
′
j,k+l(x)Φεj,k(x)) ∩ Q| , 0
}
.
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Because f ∈ Mt,τr,p(Rn), we have
| f εj,k | ≤ C(1 + j)−τ2 j(r−n/2) ≤ C(1 + j)−τ2 j(r+t−n/2)
and
S 0(T4)(x) =

∑
(ε, j,k)∈ΛQ
n,4
2 jn(1 + j)−2τ2 j(2r+2t−n)2 jn|gεj,k|2χ(2 jx − k)

1/2
≤ C(1 + ju,s)−τS t+r(gu)(x).
Then we can get, by the fact that and gu is a (t + r, 2u, Eu)−combination atom,
‖S 0(T4)‖Lp(Q) ≤ C(1 + ju,s)−τ‖S t+r(gu)‖Lp(Q) ≤ C2u(1 + ju,s)−τ|Q|1/p.
(5) Now we estimate the term T5(x) = ∑
(ε, j,k)∈Λn, j≥ ju,s
f εj,kgεj,k
(
(Φεj,k(x))2 − 2n j/2Φ0j,k(x)
)
.
Because the function (Φεj,k(x))2 − 2n j/2Φ0j,k(x) plays the role as that of Φεj,k(x), we have
‖S 0(T5)‖Lp(Q) ≤ C2u(1 + ju,s)−τ|Q|1/p.
(6) To estimate the term T6(x), we take h ∈ Lp′ (Q). Let
Λ
Q
n,6 =
{
(ε, j, k) ∈ Λn | j ≥ ju,s, |supp(Φ0j,k+l(x)Φεj,k(x)) ∩ Q| , 0
}
.
By the orthogonality of the wavelet function, we have
< T6, h > =
〈 ∑
(ε, j,k)ΛQ
n,6
f εj,kgεj,k2 jn/2Φ0j,k, h
〉
=
∑
(ε, j,k)∈ΛQ
n,6
f εj,kgεj,k2n j/2h0j,k.
Then
| < T6, h > | ≤
∫ ∑
(ε, j,k)∈ΛQ
n,6
2n j| f εj,k||gεj,k|2n j/2|h0j,k|χ(2 jx − k)dx
≤
∫ ∑
(ε, j,k)∈ΛQ
n,6
2n j| f εj,k||gεj,k|χ(2 jx − k)M(h)(x)dx.
By Ho¨lder’s inequality and j ≥ ju,s ≥ 0, it can be deduced that
∑
(ε, j,k)∈ΛQ
n,6
2n j| f εj,k||gεj,k|χ(2 jx − k)
≤

∑
(ε, j,k)∈ΛQ
n,6
2(n−2t−2r) j| f εj,k |2χ(2 jx − k)

1/2 
∑
(ε, j,k)∈ΛQ
n,6
2(n+2t+2r) j|gεj,k|2χ(2 jx − k)

1/2
≤ C2u|Q|(r+t)/n

∑
(ε, j,k)∈ΛQ
n,6
2(n−2t−2r) j| f εj,k|2χ(2 jx − k)

1/2
.
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Finally we can get
| < T6, h > | ≤ C2u|Q|(r+t)/n
∥∥∥∥∥∥∥∥∥

∑
(ε, j,k)∈ΛQ
n,6
2(n−2t−2r) j| f εj,k|2χ(2 jx − k)

1/2∥∥∥∥∥∥∥∥∥
Lp(Q)
‖h‖Lp′ (Q)
≤ C2u|Q|(r+t)/n|1 − log2 |Q||−τ|Q|1/p−(r+t)/n
≤ C2u|Q|1/p(1 + ju,s)−τ.
Because h takes over all functions in Lp′ (Q), it is obvious that ‖S 0(T6)‖Lp(Q) ≤ C(1 +
ju,s)−τ2u|Q|1/p.
Step 2. Assume that 0 ≤ t < 1. We need to prove for g(x) = ∑(ε, j,k)∈Λn gεj,kΦεj,k(x) and
S t(g)(x) =
( ∑
(ε, j,k)∈Λn
2 j(2t+n)|gεj,k|2χ(2 jx − k)
)1/2
, ‖S t( f gu)‖Lp(Q) ≤ C2u(1+ ju,s)−τ|Q|1/p. The
index sets ΛQ
n,i, i = 1, 2, · · · , 6 are the same as Step I.
(1) For the term T1, we have
S t(T1)(x) =

∑
|Q j,k |=|Q ju,s ,k |
2 ju,s(n+2t)2 ju,sn| f 0ju,s,k |2|g0ju,s,k |2χ(2 ju,s x − k)

1/2
≤

∑
|Q j,k |=|Q ju,s ,k |
2 ju,s(n+2t)2 ju,sn(1 + ju,s)−2τ22(r−n/2) ju,s 22u−2(r+t+n/2) ju,s 22 ju,s(n/2+t)χ(2 ju,s x − k)

1/2
≤ (1 + ju,s)−τ2u

∑
|Q j,k |=|Q ju,s ,k |
χ(2 jx − k)

1/2
.
Then we have ‖T1‖Ht,p(Q) = ‖S t(T1)‖Lp(Q) ≤ C(1 + ju,s)−τ2u|Q|1/p.
(2) For the term
T2(x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
∑
|l|≤√n2(M+2)n
f 0j,k+lgεj,kΦ0j,k+l(x)Φεj,k(x),
we have
S t(T2)(x) =

∑
(ε, j,k)∈ΛQ
n,2
2 j(n+2t)2 jn| f 0j,k+l|2|gεj,k|2χ(2 jx − k)

1/2
≤ C

∑
(ε, j,k)∈ΛQ
n,2
2 j(n+2t)2 jn(1 + j)−2τ22 j(r−n/2)|gεj,k|2χ(2 jx − k)

1/2
≤ C(1 + ju,s)−τS t+r(gu)(x).
Because gu(x) is a (t + r, 2u, Eu)−combination atom, we have
‖S t(T2)‖Lp(Q) ≤ C(1 + ju,s)−τ‖S t+r(gu)‖Lp(Q) ≤ C(1 + ju,s)−τ2u|Q|1/p.
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(3) Because gu(x) is a (t + r, 2u, Eu)−combination atom, for s ≥ 1, (i,m′) ∈ Hu,s and
Q = Qu,s,i,m′ , we can get |g0j,k| ≤ C2u−n j/22−(r+t) j = 2u−n j/2|Q|(r+t)/n and
S t(T3)(x) =

∑
(ε, j,k)∈ΛQ
n,3
2 j(n+2t)|g0j,k|2| f εj,k|2χ(2 jx − k)

1/2
≤ C2u

∑
(ε, j,k)∈ΛQ
n,3
2 j(n+2t)2−n j2−(r+t) j| f εj,k|2χ(2 jx − k)

1/2
≤ C2u|Q|(r+t)/n

∑
(ε, j,k)∈ΛQ
n,3
2 j(n+2t)| f εj,k|2χ(2 jx − k)

1/2
.
From the fact that j ≥ ju,s and f ∈ Mt,τr,p(Rn), we deduce that
‖S t(T3)‖Lp(Q) ≤ C2u|Q|(r+t)/n (− log2 |Q|)−τ |Q|1/p−(r+t)/n ≤ C2u j−τu,s|Q|1/p.
(4) For the term T4(x), because f ∈ Mt,τr,p(Rn) and gu is a (t + r, 2u, Eu)−combination
atom, we have | f εj,k | ≤ C(1 + j)−τ2 j(r−n/2) and
S t(T4)(x) =

∑
(ε, j,k)∈ΛQ
n,4
2 j(n+2t)(1 + j)−2τ2 j(2r−n)2 jn|gεj,k|2χ(2 jx − k)

1/2
≤ C(1 + ju,s)−τS t+r(gu)(x).
Then we can get
‖S t(T4)‖Lp(Q) ≤ C(1 + ju,s)−τ‖S t+r(gu)‖Lp(Q) ≤ C2u(1 + ju,s)−τ|Q|1/p.
(5) Now we estimate the term
T5(x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
f εj,kgεj,k
(
(Φεj,k(x))2 − 2n j/2Φ0j,k(x)
)
.
Because the function (Φεj,k(x))2 − 2n j/2Φ0j,k(x) plays the role as that of Φεj,k(x), we have
‖S t(T5)‖Lp(Q) ≤ C2u(1 + ju,s)−τ|Q|1/p.
(6) For the term T6(x), we take h ∈ H−t,p′(Q). By the orthogonality of the wavelet
functions, we have
〈T6, h〉 =
〈 ∑
(ε, j,k)∈ΛQ
n,6
f εj,kgεj,k2 jn/2Φ0j,k, h
〉
=
∑
(ε, j,k)∈ΛQ
n,6
f εj,kgεj,k2n j/2h0j,k.
We can get
|〈T6, h〉| ≤
∣∣∣∣∣∣∣∣
∫ ∑
(ε, j,k)∈ΛQn
2n j/2gεj,k f εj,k2 jnh0j,kχ(2 jx − k)dx
∣∣∣∣∣∣∣∣
≤
∫ ∑
(ε, j,k)∈ΛQn
2n j|gεj,k|| f εj,k|M(h)(x)χ(2 jx − k)dx.
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By Ho¨lder’s inequality, we have
∑
(ε, j,k)∈ΛQ
n,6
2n j| f εj,k||gεj,k|χ(2 jx − k)
≤

∑
(ε, j,k)∈ΛQ
n,6
2(n−2t−2r) j| f εj,k |2χ(2 jx − k)

1/2 
∑
(ε, j,k)∈ΛQ
n,6
2(n+2t+2r) j|gεj,k|2χ(2 jx − k)

1/2
≤ S t+r(gu)(x)

∑
(ε, j,k)∈ΛQ
n,6
2(n−2t−2r) j| f εj,k|2χ(2 jx − k)

1/2
.
Because j ≥ ju,s implies that 2− j(r+t) ≤ 2− ju,s(r+t), we can get
| < T6, h > | ≤ C2u
∥∥∥∥∥∥∥∥∥

∑
(ε, j,k)∈ΛQ
n,6
2(n−2t−2r) j| f εj,k|2χ(2 jx − k)

1/2∥∥∥∥∥∥∥∥∥
Lp(Q)
‖h‖Lp′ (Q)
≤ C2u|Q|(r+t)/n|1 − log2 |Q||−τ|Q|1/p−(r+t)/n
≤ C2u|Q|1/p(1 + ju,s)−τ.
Because h takes over all functions in H−t,p′(Q), we can get ‖S t(T6)‖Lp(Q) ≤ C(1+ ju,s)−τ2u|Q|1/p.
This completes the proof for the case 0 ≤ t < 1.
Step 3. Now we consider the case t ≥ 1. In this case, there exists an integer [t] such that
[t] ≤ t < [t] + 1. For any α = (α1, α2, · · · , αn) ∈ Nn with |α| =
n∑
i=1
αi = [t], the derivative
∂α
∂xα
of the product f gu can be represented as
∂α
∂xα
( f gu) =
∑
γ,β
Cα,β,γ( ∂
β
∂xβ
) f (x) ∂
γ
∂xγ
gu(x),
where |α| = |β| + |γ|. Denote ∂β
∂xβ
f (x) by fβ(x) and denote ∂γ∂xγ gu(x) by gu,γ(x). Applying the
conclusion in Step 1, we only need to prove
‖ fβgu,γ‖Ht−[t],p ≤ Cτ−τQ 2u|Q|1/p,
that is, ‖S t−[t]( fβgu,γ)‖Lp ≤ C2uτ−τQ |Q|1/p.
If gu is a (t + r, 2u, Eu)−combination atom, then
gu,γ(x) =
∑
Q j,k∈Fv,l
gεj,k(
∂
∂x
)γ[2n j/2Φεj,k(x)] =
∑
Q j,k∈Fv,l
gεj,k2
n j/22 j|γ|
(
∂γ
∂xγ
Φε
)
(2 jx − k).
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Hence
S t−|γ|(gu,γ)(x) =

∑
(ε, j,k)∈Λn
2 j(n+2t−2|γ|)|gεj,k|22 j|γ|χ(2 jx − k)

1/2
=

∑
(ε, j,k)∈Λn
2 j(n+2t)|gεj,k|2χ(2 jx − k)

1/2
= S t(gu)(x).
On the other hand, if f ∈ Mt,τr,p(Rn), then
∫
Q

∑
ε∈En ,Q j,k⊂Q
2 j(n+2t)| f εj,k|2χ(2 jx − k)

p/2
dx ≤ C(1 − log2 |Q|)−pτ|Q|1−p(r+t)/n
and ( fβ)εj,k = 2 j|β| f εj,k. We have
∫
Q

∑
ε∈En ,Q j,k⊂Q
2 j(n+2t−2|β|)| f β,εj,k |2χ(2 jx − k)

p/2
dx
=
∫
Q

∑
ε∈En ,Q j,k⊂Q
2 j(n+2t−2|β|)22 j|β|| f εj,k |2χ(2 jx − k)

p/2
dx
≤ C(1 − log2 |Q|)−pτ|Q|1−p(t−|β|+r+|β|)/n,
that is, fβ(x) ∈ Mt−|β|,τr+|β|,p(Rn).
For any cube Q, the function fβ(x) = ∑
(ε, j,k)∈Λn
f β,εj,k Φεj,k(x) and any dyadic cube Q ⊂ S u,
we divide the product fβ · gu,γ into the following parts.
T β,γ1 (x) =
∑
(ε, j,k)∈Λn, j= ju,s
∑
|l|≤√n2(M+2)n
f β,0j,k+lgγ,0j,kΦ0j,k+l(x)Φ0j,k(x);
T β,γ2 (x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
∑
|l|≤√n2(M+2)n
f β,0j,k+lgγ,εj,kΦ0j,k+l(x)Φεj,k(x);
T β,γ3 (x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
∑
|l|≤√n2(M+2)n
f β,εj,k+lgγ,0j,kΦεj,k+l(x)Φ0j,k(x);
T β,γ4 (x) =
∑
(ε,ε′ , j,k,l)∈Λ′n, j≥ ju,s
∑
|l|≤√n2(M+2)n
f β,ε′j,k+lgγ,εj,kΦε
′
j,k+l(x)Φεj,k(x);
T β,γ5 (x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
f β,εj,k gγ,εj,k
(
(Φεj,k(x))2 − 2n j/2Φ0j,k(x)
)
;
T β,γ6 (x) =
∑
(ε, j,k)∈Λn, j≥ ju,s
f β,εj,k gγ,εj,k 2n j/2Φ0j,k(x).
Similar to the method used in the case 0 ≤ t < 1, we can complete the proof of the case
t ≥ 1. This completes the proof of this theorem. 
By Theorem 4.6, we can get the following lemma.
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Lemma 4.7. Given r > 0, t ≥ 0, 1 < p < n/(r + t) and τ > 1/p′. If f ∈ Mt,τr,p(Rn) and gu is
a (t + r, 2u, Eu)−combination atom, then
‖ f gu‖Ht,p ≤ C(1 + u)−τ2u|Eu|1/p.
Theorem 4.8. Given r > 0, t ≥ 0, 1 < p < n/(r + t) and τ > 1/p′. If f ∈ Mt,τr,p(Rn), then
f ∈ Xtr,p(Rn).
Proof. By Lemma 4.7, we have
‖ f g‖Ht,p ≤
∑
u≥0
‖ f gu‖Ht,p
≤ C
∑
u≥0
(1 + u)−τ2u|Eu|1/p
≤ C

∑
u≥0
(1 + u)−p′τ

1/p′ 
∑
u≥0
2pu|Eu|

1/p
≤ C‖g‖Ht+r,p .

5. The sharpness for the multiplier spaces Mt,τr,p(Rn)
In this section, applying our wavelet characterization of multiplier spaces and fractal
theory, we prove that the scope of the index of Mt,τr,p(Rn) obtained in Theorem 4.8 is sharp
for r + t < 1. Precisely, by Meyer wavelets, we construct a counterexample to show that
Theorem 4.8 is not true for the case 0 ≤ τ ≤ 1/p′.
Our key idea is to construct a group of sets Cs composed by special dyadic cubes and
fractal set H with Hausdorff dimension n − (t + r)p. Denote by S s the union ⋃
Q∈Cs
Q and
H =
⋂
s≥1
S s. By the above dyadic cubes S s, s ≥ 0, we construct a special Lp function g(x),
which is bounded on S s\S s+1 for all s ≥ 1. The fractional integration Ir+tg(x) bumps on
the fractal set H. Then we construct a multiplier f (x) such that its wavelet coefficients are
based on these special dyadic cubes Cs for all s ≥ 1. Applying our wavelet characterization
of multiplier spaces, we prove that the product of the above multiplier f (x) and the function
Ir+tg(x) will go out the desired space Ht,p(Rn).
For the above purpose, we give first another characterization of Xtr,p(Rn) associated with
the fractional integration. Let Ψ(x) ≥ 0, Ψ(x) ∈ C∞0 (B(0, 2)) with Ψ(x) = 1 on B(0, 1). We
know that g˜ ∈ Ht+r,p(Rn) if and only if there exists g ∈ Lp(Rn) such that g˜(x) = Jt+rg(x) =∫
g(y)Ψ(|x − y|)|x − y|t+r−ndy. For g ∈ Lp(Rn), let g j,k =
∫
(2− j + |y − 2− jk|)t+r−ng(y)dy. We
define the following function space.
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Definition 5.1. Given r > 0, t ≥ 0 and 1 < p < n/(r + t). For f (x) = ∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x),
f ∈ Qtr,p(Rn) if and only if
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2t)|g j,k|2| f εj,k|2χ(2 jx − k)

p/2
dx ≤ C,
where g ∈ Lp(Rn) and g(x) ≥ 0.
Let f (x) = ∑
(ε, j,k)∈Λn
f εj,kΦεj,k(x) and h(x) =
∑
(ε, j,k)∈Λn
hεj,kΦ
ε
j,k(x). Define
TΦ( f , h)(x) =
∑
j∈N
∑
k∈Zn
2 jn f εj,khεj,kΦ(2 jx − k).
Similar to Claim 2 in Theorem 3.3, we can get
Lemma 5.2. Given t ≥ 0, r > 0 and t + r < 1 < p < n/(t + r). Let g ∈ Ht+r,p(Rn) and
h ∈ H−t,p′(Rn). The function f (x) ∈ S Φ,tr,p (Rn) if and only if
| 〈TΦ( f , h), g〉 | ≤ C‖g‖Hr+t,p(Rn)‖h‖H−t,p′ (Rn).
Now we give another characterization of Xtr,p(Rn).
Theorem 5.3. Given t ≥ 0, r > 0 and t + r < 1 < p < n/(t + r). f ∈ Xtr,p(Rn) if and only if
f ∈ Mtr,p(Rn) and f ∈ Qtr,p(Rn).
Proof. By modifying the coefficients such that f εj,khεj,k = | f εj,k||hεj,k|, we could suppose g(y) ≥
0. By Theorem 3.3 (ii) and Lemma 5.2, we know that f ∈ S Φ,tr,p (Rn) is equivalent to∫ ∫ ∑
(ε, j,k)∈Λn
| f εj,k ||hεj,k|2 jnΦ(2 jx − k)Ψ(|x − y|)
g(y)
|x − y|n−(t+r) dydx(5.1)
≤ C‖g‖Lp‖h‖H−t,p′ ,∀g ≥ 0.
By a calculation of the integral associated to dx, we get∫
2 jnΦ(2 jx − k)Ψ(|x − y|)|x − y|t+r−ndx ≃ (2− j + |y − 2− jk|)(t+r−n).
So (5.1) is equivalent to the following inequality:
(5.2)
∫ ∑
(ε, j,k)∈Λn
| f εj,k ||hεj,k|(2− j + |y − 2− jk|)t+r−ng(y)dy ≤ C‖g‖Lp‖h‖H−t,p′ ,∀g ≥ 0.
That is to say ∫ ∫ ∑
(ε, j,k)∈Λn
2 jn| f εj,k||hεj,k|χ(2 jx − k)
g(y)
(2− j + |y − 2− jk|)n−(t+r) dxdy(5.3)
≤ C‖g‖Lp‖h‖H−t,p′ ,∀g ≥ 0.
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Let S −th(x) =
( ∑
(ε, j,k)∈Λn
2 j(n−2t)|hεj,k|2χ(2 jx − k)
)1/2
. We have ‖S −th‖p′ ≃ ‖h‖H−t,p′ . Then the
inequality (5.3) is equivalent to
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2t)| f εj,k|2|g j,k|2χ(2 jx − k)

p/2
dx ≤ C‖g‖pLp ,∀g ≥ 0.(5.4)
The above inequality is equivalent to f ∈ Qtr,p(Rn). 
Theorem 5.4. If 0 ≤ τ ≤ 1p′ , there exists f ∈ Mt,τr,p(Rn) such that f does not belong to
Xtr,p(Rn).
Proof. We use Meyer wavelets and suppose that ε = (1, 1, · · · , 1) and Φε(0) > 0. First of
all, we construct a group of self similar cubes {Qu} such that the limitation is a set with
Hausdorffmeasure n − (t + r)p.
We construct two series of integers {τs}s≥1 and {vs}s≥1 such that v1 = max
{
[ 4n
n−(t+r)p ], 2(M+2)n
}
,
1 ≤ τs < [ 4nn−(t+r)p ] ≤ vs ≤ max
{
[ 5n
n−(t+r)p ], 2(M+2)n
}
. Denote σs =
∑
1≤i≤s
τi and us =∑
1≤i≤s
vi. We take τs such that there exists C > 0 satisfying that 2nσs−(n−(t+r)p)us ≥ 2−nu1
and lim
s→+∞
2nσs−(n−(t+r)p)us = C and n − (t + r)p = lim
s→+∞
nσs
us
. For τs and vs, denote ls =
(ls,1, ls,2, · · · , ls,n) ∈ Zns,0, if ls ∈ Zn and for i = 1, 2, · · · , n, we have 0 ≤ ls,i < 2τs−1 or
0 ≤ ls,i + 2τs−1 − 2vs < 2τs−1. Denote Zn1 = Zn1,0 and for s ≥ 2, denote ks ∈ Zns , if there exists
ks−1 ∈ Zns−1 and ls ∈ Zns,0 such that ks = 2vs ks−1 + ls.
We divide the unit dyadic cube Q0 = [0, 1]n into 2nv1 dyadic cubes. Then we re-
serve the 2nτ1 dyadic cubes which are near the 2n vertex points, that is, we reserve C1 ={
Qv1,l1 : l1 ∈ Zn1,0
}
and denote x ∈ S 1, if there exists l1 ∈ Zn1,0 such that x ∈ Qv1,l1 .
For the dyadic cube Qv1,l1 ∈ C1, we divide it into 2nv2 dyadic cubes, we reserve the 2nτ2
dyadic cubes which are near the 2n vertex points, that is, we reserve C2,l1 =
{
Qu2,2v2 l1+l2 , l2 ∈ Zn1,0
}
.
For s = 2, denote C2 =
{
Qu2,k2 , k2 = 2v2 l1 + l2, l1, l2 ∈ Zn1,0
}
and denote x ∈ S 2, if there ex-
ists k2 ∈ Zn2 such that x ∈ Qu2,k2 .
We continue this process until infinity, we get a series of dyadic cubes Cs and sets S s.
We know that |S s| = 2n(σs−us) and the limitation of {S s} is a fractal set H with Hausdorff
dimension n − (t + r)p.
For s ≥ 1, let fs(x) = ∑
Qus ,ks⊂Cs
f ε
us ,ksΦ
ε
us,ks (x), where f εus ,ks = s−1/p
′2−tus 2(t+r)us . Let f (x) =
∑
s≥1
fs(x). Applying the wavelet characterization of Morrey spaces, f ∈ Mt,1/p
′
r,p (Rn). In fact,
for s, l ≥ 1 and any cube Q with 2−nus+1 ≤ |Q| < 2−nus , we have |Q ∩ (S s+l\S s+l+1)| ≤
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C2−n(σs+l−σs)−nus . Hence we get
∫
Q

∑
Qus ,ks⊂Q
2us(n+2t)| f εus ,ks |2χ(2us x − ks)

p/2
dx
.
∫
Q\S s+1

∑
Qus ,ks⊂Q
2us(n+2t)s−2/p′2−2tus 22(r+t)usχ(2us x − ks)

p/2
dx
+
∑
l≥1
∫
Q∩(S s+l\S S+l+1)

∑
Qus ,ks⊂Q
2us(n+2t)s−2/p′2−2tus 22(r+t)usχ(2us x − ks)

p/2
dx
. s−p/p
′2(t+r)pus 2−nus +C
∑
l≥1
(s + l)−p/p′2(t+r)pus+l 2−n(σs+l−σs)−nus
. (1 − log2 |Q|)−p/p
′ |Q|1−(t+r)p/n.
Let δ be a sufficient small positive real number. For ∀x ∈ [0, 1]n\S 1, then g(x) = 1. For
s ≥ 1 and x ∈ S s\S s+1, we take g(x) = s−1/p[log2(1 + s)]−(1+δ)/p2(t+r)us . Then we have
g ∈ Lp([0, 1]n). In fact,
∫
[0,1]n
|g(x)|pdx =
∫
[0,1]n\S 1
gp(x)dx +
∑
s≥1
∫
S s\S s+1
gp(x)dx
≤ C +C
∑
s≥1
∫
S s\S s+1
s−1[log2(1 + s)]−(1+δ)2(t+r)pus dx
≤ C
∑
s≥1
s−1[log2(1 + s)]−(1+δ)2(t+r)pus 2n(σs−us)
≤ C.
Now we estimate the coefficients |gus,ks |. We divide the estimate into two cases.
(1) For dist (Qus,ks , S s) ≤ 2−us ,
g j,k =
∫
S s
g(y)(2−us + |y − 2−us ks|)(t+r−n)dy
+
∑
1≤l≤s−1
∫
S l\S l+1
l−1/p[log2(1 + l)]−(1+δ)/p2n(ul−σl)/p(2−ul + |y − 2−ul kl|)(t+r−n)dy
≥ s−1/p[log2(1 + s)]−(1+δ)/p +
∑
1≤l≤s−1
s−1/p[log2(1 + s)]−(1+δ)/p
≥ s1/p′ [log2(1 + s)]−(1+δ)/p.
(2) For dist (Qus ,ks , S s) > 2−us , there exists l < s such that Qus,ks ⊂ S l−1\S l. It is easy to
see that g j,k is equivalent to l−1/p
′ [log2(1 + l)]−(1+δ)/p.
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Finally, we have
∫ 
∑
(ε, j,k)∈Λn
2 j(n+2t)|g j,k|2| f εj,k |2χ(2 jx − k)

p/2
dx
≥ C
∑
s≥2

∑
dist (Qus ,ks ,S s)≤2−us
2us(n+2t)|gus,ks |2| f εus,ks |2χ(2us x − ks)

p/2
dx
≥ C
∑
s≥2

∑
dist (Qus ,ks ,S s)≤2−us
2us(n+2t)s2/p′ [log2(1 + s)]−2(1+δ)/ps−2/p
′2−2tus 22(t+r)usχ(2us x − ks)

p/2
dx
≥
∑
s≥2
[log2(1 + s)]−(1+δ)2(t+r)pus 2n(σs−us)
≥
∑
s≥2
[log2(1 + s)]−(1+δ) = ∞.
This completes the proof. 
6. An application to Schro¨dinger type operators with non-smooth potentials
In [11], the multipliers from H1,2(Rn) to H−1,2(Rn) were studied by V. Maz’ya and I. E.
Verbitsky. For a Schro¨dinger operator L = I − ∆ + V , they established many sufficient and
necessary conditions such that V is a multiplier from H1,2(Rn) to H−1,2(Rn). In this section,
we give an application of the wavelet characterization of Xtr,p(Rn) to the Schro¨dinger type
operator I + (−∆)r/2 + V .
For V ∈ Mt,τr,p(Rn), (τ > 1/p′) and g(x) ∈ Ht,p(Rn), we want to find a solution f ∈
Ht+r,p(Rn) to the equation
(6.1) (I + (−∆)r/2 + V) f (x) = g(x).
Remark 6.1. Fixed r > 0, t ≥ 0 and 1 < p < n/(r + t).
(i) If there exists a δ > 0 such that ‖V‖Cr+t+δ is sufficient small, according to the
continuity of Caldero´n-Zygmund operator (I + (−∆)r/2)(I + (−∆)r/2 + V)−1, the
equation (6.1) can be solved easily. But if we consider a non smooth potential
V ∈ Mt,τr,p(Rn), applying the same proof in Lemmas 2.6 and 2.7, it is possible that
V is not a L∞ function.
(ii) The condition τ > 1/p′ can not be weaken to τ ≥ 1/p′. In fact, according to our
counterexample in §5, if r + t < 1, there exists some V ∈ Mt,1/p′r,p (Rn) such that the
operator I + (−∆)r/2 + V is not continuous from Ht+r,p(Rn) to Ht,p(Rn).
Now, we use our sufficient condition of multiplier spaces Xtr,p(Rn) to get the solution
of the equation (6.1). We need the following two operators. For t, r > 0, let Tt,r = [I +
(−∆)t/2][I + (−∆)r/2] and S t,r = [I + (−∆)t/2]VT−1t,r . In the following lemma, we prove that
the operator S t,r = [I + (−∆)t/2]VT−1t,r is bounded on Lp(Rn)
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Lemma 6.2. Given r > 0, t ≥ 0, 1 < p < n/(r + t) and τ > 1/p′. If V(x) ∈ Mt,τr,p(Rn),
the operator S t,r is bounded from Lp(Rn) to Lp(Rn) with the operator norm less than
Ct,r,τ,p‖V‖Mt,τr,p , where Ct,r,τ,p denotes a constant associated with t, r, τ, p.
Proof. By Theorem 4.8, for any f ∈ Lp(Rn), we have
‖S t,r f ‖Lp ≤ ‖[I + (−∆)t/2]VT−1t,r f ‖Lp ≤ ‖VT−1t,r f ‖Ht,p
≤ Cr,t,τ,p‖V‖Mt,τr,p‖T−1t,r f ‖Ht+r,p ≤ Cr,t,τ,p‖V‖Mt,τr,p ‖ f ‖Lp .
Then S t,r is a bounded operator on Lp(Rn) with the norm less than Cr,t,τ,p‖V‖Mt,τr,p . 
In the following lemma, we prove that (I + S t,r) is invertible in Lp(Rn) and the inverse
(I + S t,r)−1 can be written formally as
∞∑
n=0
(−1)nS nt,r.
Lemma 6.3. Given r > 0, t ≥ 0, 1 < p < n/(r + t) and τ > 1/p′. If ‖V(x)‖Mt,τr,p < 1/Cr,t,τ,p,
the operator I + S t,r is invertible in Lp(Rn).
Proof. By Lemma 6.2, the operator S t,r is bounded on Lp(Rn). Hence for any f ∈ Lp(Rn),∥∥∥∥∥∥∥
∞∑
n=0
(−1)nS nt,r f
∥∥∥∥∥∥∥
Lp
≤
∞∑
n=0
∥∥∥S nt,r f ∥∥∥Lp ≤
∞∑
n=0
(Cr,t,τ,p‖V‖Mt,τr,p )n‖ f ‖Lp .
If ‖V‖Mt,τr,p < 1/Cr,t,τ,p, the above series is convergent in Lp(Rn). Further,
(I + S t,r)

∞∑
n=0
(−1)nS nt,r
 =
∞∑
n=0
(−1)nS nt,r −
∞∑
n=1
(−1)nS nt,r = I.
Similarly, we can also get
[ ∞∑
n=0
(−1)nS nt,r
]
(I + S t,r) = I, that is, the operator I + S t,r is
invertible in Lp(Rn). 
Theorem 6.4. Given r > 0, t ≥ 0, 1 < p < n/(r + t) and τ > 1/p′. If ‖V‖Mt,τr,p < 1/Cr,t,τ,p,
then for g(x) ∈ Ht,p(Rn), there exists a unique solution f (x) ∈ Hr+t,p(Rn) for equation (6.1).
Proof. Because g ∈ Ht,p(Rn), we have g˜ = (I + (−∆)t/2)g(x) ∈ Lp(Rn). By Lemma 6.3, the
operator (I + S t,r) is invertible in Lp(Rn). Hence we can get there exists a unique solution
to the following equation in Lp(Rn),
(6.2) (I + S t,r) ˜f = g˜,
where g˜ ∈ Lp(Rn). Hence for above g˜ ∈ Lp(Rn),
˜f = (I + S t,r)−1g˜ = (I + S t,r)−1(I + (−∆)t/2)g(x) ∈ Lp(Rn)
is a solution to the equation (6.2). Write f = (I + (−∆)r/2)−1(I + (−∆)t/2)−1 ˜f . Then ˜f (x) ∈
Lp(Rn) is equivalent to f ∈ Hr+t,p(Rn). It is easy to verify that f is a solution to the equation
(6.1). This completes the proof. 
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